
293

Correlation of Burning Rate of the Interacting Liquid Droplets

with Internal Circulation∗

Ho Young KIM∗∗, Chong Pyo CHO∗∗∗ and Jin Taek CHUNG∗∗

The combustion characteristics of interacting liquid droplets with internal circulation in
a convective flow are numerically investigated in order to determine the burning rate correla-
tion of interacting droplets. For the transient analysis of 2-dimensionally arranged interacting
droplets, Reynolds number based on the relative velocity between the liquid droplet and sur-
rounding gas, vertical and horizontal distances between neighboring droplets are chosen as
major parameters. The time variations of flame structure and combustion characteristics as
well as the burning rate during the droplet lifetime are obtained. The results reveal that
the transient flame configuration and retardation of droplet internal motion for the arbitrary
droplets arrangement substantially influence on the burning rate of interacting droplets. The
burning rate of interacting droplets exhibits a strong dependence on Reynolds number, the
horizontal and vertical distances between droplets. The correction factor of burning rate for
interacting droplets based on the single droplet combustion is also suggested in terms of major
parameters.
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1. Introduction

In spray combustion, different modes of the liquid
fuel burning take place including external group combus-
tion, in which a diffusion flame surrounds all vaporizing
droplets inside the spray core, and internal group com-
bustion, in which the primary flame is located inside the
spray boundary, and some droplets may burn individu-
ally or as a group, on the oxidizer side of the primary
flame(1). The results obtained from single droplet com-
bustion can be used as the fundamental information for
the spray calculation. The burning behavior of interact-
ing droplets, however, is quite different from that of the
single droplet. To investigate basic mechanism of spray
combustion, the combustion of two droplets and droplet
arrays has been studied experimentally(2) – (4) and theoret-
ically(5), (6). In practical combustion process, the interac-
tion between atomized droplet and surrounding gas flow
affects droplet vaporization rate and flame configuration
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which are quite different from those in a stagnant environ-
ment. In a convective flow, liquid-phase internal circula-
tion inside droplet significantly affects the droplet heating
process(7). In an oxidizing-convective flow, additionally,
four different flame modes of droplet are possible: an en-
velope flame, a transition flame, a wake flame and pure va-
porization mode as predicted by Dwyer and Sanders(8) for
a vaporizing droplet, and by Jiang et al.(9) for a convective
n-octane droplet burning in air. According to their studies,
flame configuration varies from wake flame mode to enve-
lope flame mode with decreasing Reynolds number and in-
creasing Damköhler number. As stated above, the vapor-
ization and combustion processes of a cloud of droplets in-
teracting with a gaseous environment and with each other
are very complex. For multiple droplet systems, few in-
vestigations concerning unsteady droplet combustion have
been done. The study on the burning of droplet arrays
is effective to improve basic understanding of spray com-
bustion. The objective of present work is to examine the
burning behavior of linearly arranged droplets with com-
bustion in convective environments. Results will not only
enhance basic understanding of the burning behavior of
droplets, but will be used to establish relevant correlations
for the burning rate of interacting droplet to that of single
droplet burning in terms of droplet spacing and Reynolds
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number suitable for applications in spray modeling.

2. Formulation

Figure 1 shows the physical configuration of present
calculation where droplets are linearly arranged in convec-
tive flow. The fuel droplets are assumed to vaporize in a
micro-gravity environment and natural convection effects
are thus not considered. Effects of thermal radiation and
droplet deformation are neglected since at a low pressure
those are of secondary importance. Surface force due to
the temperature- dependent nature of the surface tension is
also neglected. The governing equations for both phases
are given as follow:
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The equation of state created by Peng-Robinson(10) is
used. Here, a single-step global finite-rate chemical re-
action is assumed for the combustion of n-heptane. The
stoichiometric reaction equation for the oxidation of n-
heptane is written as:

C7H16+11(O2+3.76N2)→7CO2+8H2O+41.36N2

The reaction rate, as suggested by Westbrook et
al.(11), is given as follows:

ω̇=5.1×1011 exp(−30/RT )[C7H16]1/4[O2]3/2 (5)

Governing equations for the orthogonal coordinate
have been transformed into a general curvilinear coordi-
nates (ξ,η). The calculation can be performed on a rectan-
gular mesh with equal spacing (∆ξ=∆η=1).

Fig. 1 Schematic of fuel droplets burning in a convective flow

Liquid phase
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Initial conditions

ug =u∞, Tg =T∞, Yo =Yo,∞, Yf =Yf ,∞, Tl =To

Boundary conditions
a ) At the droplet center (r=0)

vl =
∂φ
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=0 where φ=ul, Tl, Yf (9)

b ) At the droplet surface (r= r(t))
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Fuel vapor concentration at the surface can be ob-
tained by use of the Wagner equation given by Ambrose
et al.(10):

(χ f )s pref = pc exp[(aτ+bτ1.5+cτ2.5+dτ5)/Tr] (12)

where τ = 1− (Ts/Tc), a = −7.774 04, b = 1.856 14, c =
−2.829 8, d=−3.507.

Because of symmetry, all gradients at the centerline
(y=0) and upper domain boundary are equal to zero.

The methods to evaluate the thermophysical proper-
ties are summarized in Table 1. In the interface of droplets,
mass flux is calculated by diffusion theory including the
effects of diffusion-induced convection and the effects of
the moving interface(12) instead of classical film theory.
The diffusion time (t= d2

0/Dg) is selected as time scale to
predict the velocity of diffusion.

Table 1 Evaluation of the thermophysical properties
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The present results obtained by this diffusion theory
showed a good agreement with those using classical model
as referred later.

The governing equations of gas and liquid phases are
discretized into their algebraic counterparts based on the
finite-volume method. Then, the SIMPLEC algorithm(14)

is applied to solve the gas and liquid flow fields, where the
power-law scheme is used for the convective and diffu-
sive flux of the control volume surface. The fully implicit
scheme is utilized for time marching calculation.

In the present study, the computational domain is
composed of several blocks. The grid locations inside
the blocks containing droplets are changed, so are ad-
justed at each time step in order to keep a fine grid dis-
tribution near droplet surface when droplet surface is re-
gressed. The non-uniform grid system has 25×51 points
for the liquid-phase, and 59×301 points for the gas-phase.
The body-fitted grid system is generated by the elliptic dif-
ferential equation technique, where Poisson equations are
solved to determine the values of curvilinear coordinates
in physical plane(15). Grid independence on variable grid
size has been investigated through numerical experiments.
The preliminary results indicate that the grid spacing vari-
ation makes a change less than 0.2% in droplet vaporiza-
tion rate.

3. Results and Discussion

3. 1 Validation
In the present study, internal circulating droplets of

initial temperature 300 K are burning in a convective
heated air stream of 10 atm and 1 250 K under 5 to 50
Reynolds number range with regard to the fuel droplet.
The convective time (t= r0/ug,∞) is selected as time scale
to describe the transient behaviors of droplets. Also the
fixed droplet distances of 5 radii to 40 radii horizontally
and 3 radii to 24 radii vertically are selected.

Since experimental results for the burning of n-
heptane droplet with internal circulation in a convective
flow are not available at present, the present results for the
diameter squared of n-heptane droplet are compared with
those by Faeth(16), (17). For droplet burning with forced
convection, he recommends the following correlation in
order to evaluate the burning rate, ṁ f :

ṁ f =
2πk̄grsNu
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ln(1+Bo,q) (13)
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Also the burning rate, ṁ f , to calculate the diameter
variation can be expressed as
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In these equations, the average transport properties
are achieved by applying the ‘1/3 rule’, Re is based on
the droplet diameter and the relative velocity, and ρ̄l is the
spatial averaged density. Figure 2 shows that the time vari-
ations of the diameter squared are compared with those
obtained from Eq. (13) for various Reynolds numbers, and
shows that the present results give good predictions.

3. 2 Flame variations and liquid isotherms with
Reynolds number

In an oxidizing convective flow, depending on the
Damköler number, Da, or the Reynolds number, various
flame configurations such as wake flame, transition flame
and envelope flame exist. The Damköler number repre-
sents the ratio of characteristic flow time to characteristic
reaction time in the region of maximum reactivity. Since
a large Damköler number means that the heat generated
by combustion is more important than that lost from the
flame to surrounding, the flame moves farther around the
droplet forward, and an envelope flame retains. Figure 3
shows the present results of flame configuration with the
Damköler number and the Reynolds number, and shows

Fig. 2 Comparison with calculation by Faeth(16) of d2

Fig. 3 Flame configuration for various Re and Da, and
calculation conditions with Re
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(a) (c)

(b) (d)

Fig. 4 Flame configuration and liquid phase isotherms with time at D=7 and H=24:
(a)(b) Re=10, (c)(d) Re=50

the consistence with previous results(8), (9). In the present
study, burning droplets with envelope flame are consid-
ered for the simplification, also calculation conditions of
the present study are presented in Fig. 3.

Figure 4 shows flame configuration and liquid
isotherms at Re = 10 and 50 when the horizontal droplet
spacing which is nondimensionalized by r0, D, is 7 and
the non-dimensional vertical droplet spacing, H, is 24. It
also shows that the droplets injected into hot air start with
individual flames surrounding each droplet, and then form
single flame. As the oxidizer between two droplets is con-
sumed by the scavenging combustion, the flames grow un-
til they merge with each other into a single flame that sur-
rounds the droplets, as shown in Fig. 4 (b) and (d). After
the scavenging combustion, environmental temperature of
the second droplet is relatively lower. At a low Reynolds
number of 10, the leading flame’s characteristic length is
thicker and wider, whereas the flame thickness is thin-
ner at a high Reynolds number of 50. Streamlines inside
the droplet in this case are similar to Hill’s vortex. The
isotherm pattern of liquid phase, however, is not similar
to streamline distribution because of weak convective ef-
fect. Therefore, heat transfer to droplet interior is believed
to be conduction-dominated. Liquid phase isotherms of
two droplets are similar, as shown in Fig. 4 (b), because of
weak convective effect.

Figure 5 shows the detailed droplet heating history
including the streamlines and isotherms for two droplets
at the same conditions when Reynolds number is 50.

Initially, the heat transfer mechanism inside the
droplet is dominated by diffusion at both Re = 10 and
Re = 50. At a high Reynolds number of 50, isotherms
and streamlines inside the first droplet are very similar.

The mixing of the high temperature region near the sur-
face with lower temperature region inside droplet occurs
rapidly because of strong convective effect of internal flow
fields, therefore the heat transfer to droplet interior is
convection-dominated. However, liquid phase isotherms
of the first and second droplets are not similar, as shown
in Fig. 5, because the mixing mode for the second droplet
is retarded due to weak convective effect of the second
droplet.

3. 3 Horizontal droplet spacing effects
Figure 6 shows flame configuration and liquid

isotherms at Re = 10 for the cases of D = 5 and 9. As
the horizontal droplet spacing decreases, the scavenging
combustion and single flame mode occur rapidly. The
vaporization rate of fuel droplets is strongly affected by
the flame configuration surrounding droplets. At a lower
Reynolds number, the fuel vapor transferred mainly from
the first droplet with decreasing horizontal droplet spac-
ing is accumulated between two droplets. For the first
droplet, fuel vapor accumulation with decreasing horizon-
tal droplet spacing retards the ascent of droplet surface
temperature at the rear of droplet because the temperature
of fuel vapor is lower. For the second droplet, the single
flame mode through the scavenging combustion with de-
creasing horizontal droplet spacing also prevents the sur-
face temperature at the rear of droplet from rising. These
fuel vapor accumulation effect and the single flame mode
through the scavenging combustion reduce the vaporiza-
tion rate of the first droplet by about 5%, and the second
droplet by about 40%.

The ratio of mass burning rate of two droplets to that
of single droplet for various Reynolds numbers is pre-
sented in Fig. 7, in which the ratio is calculated when
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Fig. 5 Time history of streamlines and isotherms for two droplets at D=7, H=24 and Re=50:
(a) 0.26 ms (b) 1.22 ms and (c) 2.04 ms

(a)

(b)

Fig. 6 Flame configuration and liquid phase isotherms with
the horizontal droplet spacing at H = 24 for Re= 10:
(a) D=5, (b) D=9

the initial droplet mass is reduced to 90% for the first
droplet, and to 85% for the second droplet. At a higher
Reynolds number (> 10), the retardation effect for the
first droplet with decreasing horizontal droplet spacing re-
duces because fuel vapor accumulation is less serious in
the inter-droplet region with a stronger convective flow in
Fig. 7 (a). For the second droplet, at a higher Reynolds
number (> 10), the mixing mode of liquid phase through
the single flame mode occurs slowly because of a weaker

(a)

(b)

Fig. 7 Ratio of burning rate of two droplets to that of single
droplet for various horizontal droplet spacing and Re at
H=24: (a) 1st droplet, (b) 2nd droplet

convective flow. Through the single flame mode and ac-
cumulation effect, as the heat flux from the flame to the
second droplet is smaller, the mixing with the low temper-
ature region inside droplet acts as a heat sink. Therefore,
the ratio of burning rate with decreasing horizontal droplet
spacing and decreasing Reynolds number exhibits remark-
able decrease in Fig. 7 (b). At a lower Reynolds number
(< 10), however, these single flame effect and retardation
effect of liquid phase are reduced. The reason is that un-
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(a)

(b)

Fig. 8 Flame configuration and liquid phase isotherms with the
vertical droplet spacing at D= 7 for Re= 30: (a) H = 3,
(b) H=4

der weak convective flow, the single flame mode which
reduces burning rate occurs slowly and the interaction of
the second droplet with gas phase decreases.

3. 4 Vertical droplet spacing effects
As the flow accelerates with the decreasing verti-

cal droplet spacing, the surface velocities of two droplets
and heat transferred to adjacent droplets increase. These
flow acceleration effects are maintained until the vertical
droplet spacing, H, is 5. If H is smaller than 5, heat trans-
ferred to both droplets decreases because of the reduction
of flame penetration depth.

Figure 8 shows the flame configurations of droplets
for the different vertical droplet spacing at Re = 30. As
the vertical droplet spacing decreases, the flame is not
propagated to the first droplet backward due to the oxy-
gen starvation after the scavenging combustion and forms
the incomplete envelope flame. Also, as Reynolds num-
ber decrease, the flame penetration depth is observed to
decrease.

These flame shapes under the present conditions are
classified into external or internal group combustion in
previous study of Chiu et al.(1), whose study was rein-
forced by the experimental results by Nagata et al.(4) The
present results that the flame penetration depth with de-
creasing mean droplet spacing decreases, and that the
burning rate of the second droplet decreases because of
the reduction of flame penetration depth, demonstrate a
good agreement with previous studies.

Figure 9 shows the ratio of burning rate of interact-
ing droplets to that of single droplet at D = 15, in which
the second droplet is under weak interaction with the first
droplet. At a lower Reynolds number, the flow accelera-
tion with decreasing vertical droplet spacing enhances the
burning rate of two droplets. If the vertical droplet spacing
is smaller than 5r0, however, effects of flow acceleration
are reduced because the reduction of the flame penetration

(a)

(b)

Fig. 9 Ratio of burning rate of two droplets to that of single
droplet for various vertical droplet spacing and Re at
D=15: (a) 1st droplet, (b) 2nd droplet

depth with decreasing vertical droplet spacing does not en-
hance the heat transfer to the second droplet any more. At
a higher Reynolds number (> 30), for the first droplet, the
flow acceleration with decreasing vertical droplet spacing
dose not enhance the heat transfer of droplet inside any
more because the internal convective flow is very strong.
The reduction of flame penetration depth with decreasing
vertical droplet spacing gradually reduces the burning rate
of the first droplet.

A series of calculations have been conducted to inves-
tigate the ratio of burning rate of interacting droplets with
combustion to that of single droplet burning which used
both the present results and the classical model, as a func-
tion of Reynolds number, horizontal droplet spacing and
vertical droplet spacing. The burning rate of interacting
droplets can be described by the following equation.

(ṁ1 or ṁ2)/ṁsin =C1(Re)C2 DC3 HC4 (15)

The coefficients are presented in Table 2, and are de-
termined using the results for 5 ≤ Re ≤ 50, 5 ≤ D ≤ 40
and 3 ≤ H ≤ 24. This correlation provides a convenient
means to estimate the burning rate of interacting droplet
by means of that of single droplet.

4. Conclusion

A comprehensive analysis for the vaporization and
combustion of interacting droplets with internal circu-
lation was predicted numerically with the effects of
Reynolds numbers, horizontal droplet spacing, and verti-
cal droplet spacing. Results indicate that the droplet spac-
ing significantly influences the droplet burning behavior.
For the first droplet, the burning rate with decreasing verti-
cal droplet spacing is enhanced compared to that of single
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Table 2 Coefficients of correlation

droplet because of flow acceleration. However, it is re-
duced with decreasing horizontal droplet spacing because
of fuel accumulation between droplets.

As the Reynolds number increases, effects of the hor-
izontal droplet spacing on the burning rate decrease. For
the second droplet, during the scavenging combustion the
burning rate is similar to the trend of the first droplet. After
the scavenging combustion, however, the burning rate with
decreasing horizontal droplet spacing or with decreasing
vertical droplet spacing is remarkably reduced to that of
single droplet because of the single flame effects and the
reduction of flame penetration depth. The calculated burn-
ing rate varies exponentially with the droplet spacing, and
can be correlated satisfactorily to that of single droplet
burning in terms of the Reynolds number, the horizontal
droplet spacing and the vertical droplet spacing.
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