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Abstract

Vehicles which bank in turns include bicycies and motorcycles as well as some trains and
proposed commuter vehicles. In this paper, those banking vehicles are considered in which
at speed at least, the tilt angle is controlled by steering the front or the front and rear
wheels. A model of the dynamics of tilting is derived relating steer angles to the body tilt
angle using the assumption of negligible tire slip angles to relate turn geometry to
accelerations. A simple control scheme involving tilt angle shows the necessity of counter
steering before a turn and is related to the reverse action associated with non-minimum
phase systems. The possible benefits to front and rear wheel steering as has been proposed
for racing motorcycles are explored. Possible adverse reactions of steering on actively tilted
vehicles such as "half lane" commuter vehicles are discussed.

Introduction

There are a number of vehicles which tilt or bank toward the inside of turns in the
manner of an airplane when it is executing a coordinated turn. Among ground vehicles,
bicycles and motorcycles are obvious examples but in addition several advanced trains tilt
and there have been several proposals for tall, narrow commuter vehicles which would bank
in wrns, Li et al., (1968) and Garrison and Pitstick (1990).

Trains and some commuter vehicles can be tilted directly by an actuator and a control
system, or for very light vehicles by direct human action, but single track vehicles are tilted
by action of the steering system. In this paper, we study vehicles which at speed are
balanced and banked through steering action as a motorcycle. This type of tilting could aiso
apply to a three or four wheeled vehicle with a roll axis near ground level or at least well
below the vehicle center of mass.

Motorcycles and similar vehicles are dynamically very complex with many degrees-of-
freedom and geometric nonlinearities compounding the nonlinearities associated with tires
and suspension clements. Existing models are often so complex that insight into the
essential control aspects of the vehicles is nearly impossible. See, for example, Roland
(1973) or Bos (1986). Simplified linear models of bicycles have been made for educational



purposes, Klein (1989).

In this paper elementary nonlinear and linearized models are derived which still are
capable of illuminating the basic control problems associated with turning, banking and
balancing. The models have been validated by comparing model responses with measured
response plots of matorcycles ridden by riders of various skill levels, Rice (1978). There is
good qualitative agreement between the experimental results and results of simple vehicle
model simulations with an assumed type of lean control system representing the rider action.

A use of these madels is to investigate possible benefits of active rear wheel (or rear
axle) steering. There is a potential, for example, of relaxing some of the design constraints
on racing motorcycles by modifying the tilt dynamics using active rear wheel steering,
Cameron (1992). In addition, the model could be used to study the interaction between
steering and the control system of direct tilt control vehicles. This interaction could be
beneficial if some active steering were present or harmful if the steering simply disturbed
the tilting mechanism, Karnopp and Hibbard, (1992).

Development of the Model

Figure 1 shows several important dimensions and variables associated with the model.
For a motorcycle, the sketch is to be imagined as existing in the plane of the ground. For
a commuter vehicle. the two wheels shown might represent equivalent wheels representing
the front and rear axies and the "ground plane” could be imagined as passing through the
rolt center of the suspension. The length [ is the wheel base and a and b are distances
from the center of mass location to the front and rear wheels respectively. The velocity
components U and V refate to the center of mass location and are related to a coordinate
system moving in the ground plane with the vehicle. . The coordinates x and y describe the
center of mass location in a fixed coordinate frame. The possibly large angle ¢ represents
the orientation of the vehicle with respect to the y-axis.

The steer angles at the front and rear, g, and 8, respectively will be assumed to be small
since the model is iniended only for use at relatively high speeds when the turn radius R is
much larger than /.

A major simplifying assumption is that the tire slip angles are negligible so that the
wheels proceed in the directions they are pointed. This assumption certainly breaks down
at very high lateral acceleration and it precludes studies of wobble and weave types of
instabilities but it has the great advantage that no tire characteristics are involved in the
model. The motion in the ground plane is determined entirely kinematically including the
yaw rate r, the lateral velocity V, and the center of mass location slip angle 8.

r=UB,-B)/1L, ¢}
V = U(bB, + aB,)/L, €)
B = (bB, ~ ap )l ®

in which small angle approximations have been used.
The instantaneous curve radius R is

R = 1/(p, - B,), O]

and the path of the center of mass location in the ground plane can be found by solving the
following equations:
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Figure 1. Geometry of motion in ground plane assuming negligible slip angles.

(p = I', (5)
y = Ucosg - Vsing, (6)
% = Using + Vcosy. )

In all calculations, we assume that the forward velocity U is constant and large compared
to other velocity components. .

Figure 2 is a sketch showing the vehicle body with its center of mass a distance h from
its ground plane location and tilted at the lean angle 6. The 1, 2, 3 axis system is assumed

to be parallel to the body principal axes and the principal moments of inertia relative to the
mass center are l,, I,, and I;.
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Figure 2. Quantitics associated with the degree-of-freedom in lean.

From Fig. 2, one can compute the square of the magnitude of the velocity of the center
01 Mass as

vi = (U-rhsin®) « (V2+h%0%+2VhO cosB), ®

and the angular velocities as

w, = 8, w, =rsin®, w, = rcosd. ®
Using the kinetic energy
T = 12mv? - 12(1,0} + Lo; + Lw?) (10)
and the potential energy
o V, = mghcosb. (11)
Lagrange’s equation
4T 3T Vi o 12)

d g8 08 o8
vields the equation of motion

(I, +mh®)8 « (1,1, -mhz)r.’sinecose (13)
-mghsin® = -mhcos6(V +rU).

The second term in [q. (13) is almost certainly neghigible for all normal maneuvers since
it can be combined with the very fast term to yield the expression
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-mhcos6

L-L-mh?*
r| U+ ——=———rsinb
mh

in which the speed U is clearly dominant in practical cases of interest.
Now, defining a radius of gyration k by

mk? = (I, + mh?) (14)

Eq. (13), minus the r° term, may be written

k2 5 . U? b ; a
He - sin = —?cose(ﬁﬁl¢ Bre 5B B (15)

upon use of Eqs. (1) and (2).
Finally, defining the parameters

2 2
Eecr Zan, Sar, Tk, (16)
8 g

The basic nonlinear equation becomes

1,26 -sin6 = -KcosB(t,f,+p,~7,B,-B,). an

A linearized version of this equation valid for small lean angles is
1 28-8 ¢ -K(t,B,«B,-.8,-8,) (18)

For purposes of simulation and control systemn analysis, it 1s usetul to have a state spuce
version of the equations of motion in which the input variables g, and g, appear but not

their derivatives. For the linear equation (18), the state equations
¢

8 = = (m - K(nayr 538) (19)

t

x, = 8-K(B,-B,) (20)

are equivalent to Eq. (18) as can be verified by differentiating Eq. {19) and using Eq. (20).
This form is similar 10 the observability canonical form, Kailath (1980). Figure 3 shows a
block diagram of the model in this form.
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Figure 3. Block diagram for linearized model.
In a simitar way, state equations tor the nonlinear Lg. (17) can be tound.

9 = -~ (%, - KcosB (1, B, + r,"B,)), @n

%, = sin@ - K cosB(B,- B,) - (KsinB8) & (x,p,+1,8,), (22)

i which Eq. (21) could be used to eliminate 8 in Eq. (22). The block diagram for Egs. (21)
and (22) is considerably more complex than the one shown in Fig. 3 but by differentiating
Eq. (21) and using Eq. (22) one can see that Eq. (17) results.

Analysis of the Model
The fundamental nature of steering controlled tilting can be simply understood by
analyzing the linearized model represented by Eq. (18) or Egs. (19) and (20) and beginning

with front wheel steering only. 8, = 0. The transter function between lean angle 8 and steer
ingle 8, is

0 K(tys+1)

= 23
By t2s?- 1 @)

Natice that the basic instability of an upside down pendulum is shown by the negative sign

1 the denominator and the numerator shows that 6 is affected not only by g, but its rate
4 chunge.
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In order to stabilize the ican angle, we consider a simple proportional control

pf= 'G(ed"e)y (24)

in which G is a gain, 6, is a desired lean angle and the minus sign compensates for the
minus sign in Eq. (23). A block diagram for the controlled system is shown in Figure 4.
Equation (24) might be thought of as a primitive model! of the control a motorcycle rider
must exert in order to stabilize his machine and to make it negotiate a curve.

-—
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Figure 4. Proportional lean control system.

Note from Eq. 23 that in the sieady state, the lean angle and the front steer angle are
related by
u?
e.tx =K B_“- = “g‘l‘ B/,_,‘ (25)

where Eq. (16) has been used.  Similarly, the steady turn radius and yaw rate are
determined by the steady steer angle using Egns. (1) and (4), for the front steer only case.

Up
= I35 = 6
Tee = '_I—' Rn = I/BI::' (2 )
In this sense, the desired lean angle 6 4 18 refated to a desired yaw rate and turn radius at
least in the steady state turn. The control system of Fig. 4 and Eq. 24) represents an inner
loop required to stabitize the vehicle. The rider (or another control system loop) must
provide 6, as a result of a path following or yaw rate command.

The closed loop transter function of 8 is readily derived from iFig. 4 or Eqns. (23) and
(24).

¢
I GK(t,5+1) @7
8; t2s?+GKr,s+(GK-1)
The system is clearly stable only if
2
ok - 8% 5 (28)

gl

which indicates the difficulty of baluncing the vehicle at very low speeds with very large
values of gain G.
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Another interesting transfer function involves the steer angle

- 62
LR i @)
6, 1’s?+GKr,s+(GK-1) '
For a constant 8, the steady lean angle (assuming the system is stable) is:
. _GK _(GUghe, " (30)
*GK-1 gulygl-1
nd the steer angle 1s
Go G#o
ﬁf_" = 1. - d (31)_

GK-1 GU*gl-1

CGF i given gain, as speed increases the steady lean angle approaches the commanded lean
angie, and the steer angle decreases.
On the other hand, for a step change m 8, Eq. (29) shows that the initial steer angle

B,(0) = -GB,. ¢2)

Comparing Fgs. (32) and (31) we see that the initad response of 8, is in the opposite
sevion bty steady stete response. see P S0 b automatic control terms, this reverse
SOt Tespoise is a comscquence of e non-mepmum phase ranster function of Eq. (29)
<y ane zeronin the right aalt of the s-plane. In bicvading and motoreycling circles the initial
u:"l'wc steer angle required Tor a sharp wrn is called “counter steering”. One must, of
o, remember that the step resporse s merely v ed by control engineers to characterize

winear system. For woreal vehicle, wostepin 9, couid not produce a jump in g, as implied
voERG (24). The reverse action type of response does however occur whenever a rapid
change in direction is required and some motoreyele riding instructors encourage their
students 1o understand ard use the counter intuitive counter steering phenomenon,
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Figure 5. Step response of front wheel steer vehicle steer angle.

Having demonstrated that the simple mode! illustrates some well known phenomena
associated with conventional steering controlled banking vehicles, we can consider useful
ways in which rear axle steering might be incorporated. The idea is to modify the tilt
dynamics by steering both front and rear wheels in some way. We will illustrate only two
open loop strategies although closed loop stability augmentation schemes involving feedback
of sensed variables such as yaw rate. lateral acceleration or tilt rate can also be studied.

We first consider simple proporiional steer

B, =aP,, O<a<l. 33)

Using Eq. (18), the result is
r,zé-ﬂ-:—K[(tzvar_‘)ﬁf~(l—a)ﬂlj : (34)
in which we note that the effect of sicer angle is reduced and the ctfect of angular rate is

increased. Using the proportional control scheme of Eq. (24) again, we find closed loop
transfer functions.

8 GK[(*:z tat)s + (1- a)] 35)
8, 1,25 + GK(r, + aty)s + [GK(1-a)-1]
& - G(lesz" l) (36)

8, t?s?+GK(t,+at,)s+[GK (1-a)-1]

When these results are compared with Eqs. (27) and (29) several interesting trends can
be seen. For example, the damping term in the denominator polynomial increases with «
as doces the s-term in the numerator of 8/8,. On the other hand, as a - 1, the system cannot
be stabilized except by large gains and steer angles. This correlates with the idea from Eq.
(1) that as a = 1, the yaw rate vanishes and the centrifugal force needed to stabilize the
vehicle at a nonzero lean angle also vanishes. )
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‘The idea that rear whee! steering might be useful during the initial phases of a sudden
turn but not during a nearhy steady turn has been used in some automobiles. For tilting
vehicles it could be speculatzd that quickening the counter steering phase but leaving the
-temndy turn phase unchanged might be usetul. A way to do this would be to control the rear
steer angle dynamically with a so-called washout filter. The transfer function for this open
foop controller is

B, ans 67
—[3, s -1

‘n this case, sudden chaages of g result n the same initial response for g, Eq. (32).
Hewever, i 8, remains consiant over a time period long compared to 7, 8, will return to
zeves Using Eq. (18) the trunsfer function between 8 and 8, is then
9 “K[(zgs+ (s e 1) + (35 - arx,s]
—_x .
B, (r,s+ D (x2s2-1)

(38)

Adthough one can contit ue on to study the closed loop dynamics analytically, we will
Aipy show some computer simulation results for this control strategy.
—

Tyvpical Computer Simulation Results

T o dfTustrine the use of the maodel, some results of simulations of a  _motorcycle cxccuung
e change mancuver are shown. Thie responses correspond mu;,hly to those in Rice
19785, That paper includes hoth experimental results and a computer simulation plot using
an cghth order model. Although the present model is only second order its responses
varrespond quite well with the results of the cighth order model and agree fairly well with
the experimental results, although riders with various skill levels naturally produced different
patterns of response.

Figure 6 shows a base cise using front steer only. In ali cases an assumed desired lean
angle, 8, shown in Fig. 6 was used, and the speed was 35 mph. Note that 8 follows 8, quite
well. The steer angle 8, shows the typical counter steer phase initially and the path x shows
a final deviation of 7.19 m

Figure 7 shows the responses when proportional rear steering is incorpurated. Equation
A3 applies with @ = (LY. Note that the proportional controller is able 1o make
approvmately equal 8, 1 thes case also. but the steer angle 8, is larger than in Fig. 6. This
cun be explinned by notng trom Eq. (1) that the introduction of rear steer has reduced the
viw rate so @ durger steer angle is necded to generate a centrifugal torce righting moment
during a tairly steady part of the turns. On the other hand, the shape of the steer angle plot
seems smoother near the wrinsition from counter steer to normal steer. In addition, the
finzt position is 7.91 m so tht 8, and 8. could be reduced slightly to make the same lane
chunge manpeuver.
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Figure 6. Simulation results for a front wheel steering motorcycle.

Figure & incorporates the washout tilter effect of Eqy. (36) which lets the rear steer angle
return to zero for steady turns. Again, the desired lean angle is closely followed and the
final path deviation is almost identical to that in the base case. The steer angle 8. is
smoother than for the front steer case and is not as large as for the proportionai rear steer
case. The rear steer angle is initiully almost identical to the rear steer angle in the
proportional case, but kiter is considerably smaller.

These resulis are intended only 10 show the utility of the elementary model to evaluate
possible control strategies. A definiiive inawer to the question of tae utility of various rear

wheel steering scheines and ti control strategies will requite further studies and
experimental programs.
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Figure 7. Simulation results for a motorcycle with proportional rear wheel steering.
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Figure & Simulation results for o motoreycle with "washout filter” rear wheel steering.

Conclusions

An extremely elementary madet ot a steering controlled bianking vehicle has been
developed. In contrast to more accurate but generally much more complex models, this
model can illustrate some fundamental phenomena such as the countersteering effect in a
clear way. Surprisingly, the model can praduce response plots very slmllar to plots of
experiment results from actual motoreycles.

The model can be used to explore unconventional vehicle concepts such as front and
rear wheel steered vehicles and because ot the simplicity of the madel insight into possible
useful control strategies can be developed.

For vehicles with direct tilting mechanisms, the model shows how steering inputs may
generate disturbing torques. At the same time., the model could be used to study how
steering and direct tilting systems could be coordinated 1o reduce the load on the tilting
mechanism by maodifying the steer angle as commanded by the driver.  This would, of
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course, require some sort ot steer-by-wire system,
Promising schemes developed using the simple model should be tested and further
Jeveloped using either the existing complex mathematical models or prototype vehicles.
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