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Abstract— Traditionally, cam-follower systems are de-
signed by assuming a constant camshaft speed. Neverthe-
less, all cam-follower systems, especially high-speed systems,
exhibit some camshaft speed fluctuation (despite the pres-
ence of a flywheel) which causes the follower motions to be
inaccurate. This paper therefore proposes a novel design
procedure that explicitly takes into account the camshaft
speed variation. The design procedure assumes that (i) the
cam-follower system is conservative and (ii) all forces are
inertial. The design procedure is based on a single design
choice, i.e. the range of camshaft speed variation, and yields
(i) cams that compensate for the inertial dynamics for any
period of motion and (ii) a camshaft flywheel whose (small)
inertia is independent of the period of motion. A design
example shows that the cams designed in this way offer the
following advantages, even for non-conservative, non-purely
inertial cam-follower systems: (i) smaller flywheel, (ii) more
accurate follower motions, (iii) lower motor torques and (iv)
a camshaft motion spectrum that is easily and robustly pre-
dictable.

I. INTRODUCTION

Methods for cam design have become increasingly so-
phisticated over the past several decades. Recent meth-
ods focus on the design of dynamically compensated cams
with the purpose of minimizing residual vibrations in high-
speed cam-follower systems. Srinivasan and Jeffrey Ge [15]
distinguish three groups of methods: (i) the traditional
polydyne method [16], [2] and more robust modifications
of it [8], [15], (ii) numerical methods such as linear pro-
gramming and quadratic optimization [10] and Lagrange
multiplier techniques [19], [3] and (iii) methods based on
optimal control theory! [4], [6].

All these methods only consider the dynamics of the cam
follower and assume the angular speed of the cam to be
constant. In practice, however, the angular speed is vari-
able due to [9]: (i) variations in the angular velocity of
the driving actuator due to load variations, (ii) backlash in
the reduction gear between the actuator and the cam and
(iii) wind-up of the camshaft. Backlash and shaft wind-
up can be avoided through an appropriate design of the
cam-follower system. The speed variation due to load vari-
ations can be eliminated through an auxiliary torque bal-

IThe optimal control technique is applicable to nonlinear models,
while the Lagrange multiplier method and other linear techniques are
not.

ancing mechanism [13], [5]. A more classical approach con-
sists of mounting an appropriately sized flywheel on the
camshaft [12]. However, a flywheel cannot entirely sup-
press the speed variation, especially when its size is limited
in order to ensure a good start/stop behaviour. This paper
presents a cam design method that explicitly takes into ac-
count the speed variation due to (inertial) load variations,
without trying to suppress it.

The concept of using variable speeds in cam-follower de-
sign has seldom been studied in literature. Rothbart [14]
indicates the potentialities of using variable-speed cams,
and designs a variable-speed cam mechanism in which the
variable speed is delivered by a Withworth quick-return
mechanism. Yan et al. [20] synthesize cams in the classical
way through direct transformation of the desired follower
displacement, but then optimize a polynomially parame-
terized cam input speed in order to reduce the peak values
of the follower-output motion curves. Hsu and Chen [7]
use a similar polynomial cam input speed but their opti-
mization criterion is the minimization of the inertial part
of the camshaft torque?. They obtain reductions of about
45% whereas the design method presented in this paper
proves that the inertial part of the camshaft torque can be
reduced to zero. Liu [11] proposes a systematic procedure
using a finite element method to synthesize and analyze a
high-speed cam-actuated elastic linkage with its actuator,
a DC motor. This method takes into account the fluctua-
tion of the speed of the driving cam and yields a cam that
compensates for the entire machine dynamics at a single
design speed. The method presented in this paper yields
cams that only compensate for the inertial dynamics of a
rigid cam-follower system, but they do so for any design
speed. Furthermore they can be designed in a very sim-
ple way: no finite elements are needed, nor a model of the
driving actuator, nor an accurate estimate of the viscous
friction.

Section IT introduces dimensionless trajectories as a way
to keep the theoretical results as generally valid as pos-
sible. Section III gives the theoretical background of the
design procedure, which makes clear that there is only one

2j.e. the torque on the camshaft, required to accelerate and decel-

erate the follower inertia.
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Fig. 1. Schematic representation of a cam-follower system with mul-
tiple followers. In this case the followers are translating.

design choice to be made, i.e. the value of the dimension-
less coefficient of camshaft speed fluctuation §. Section IV
investigates the influence of ¢ on the (equivalent) camshaft
inertia and the cam properties for a design example. For
the same design example, section V compares (on simula-
tion) the difference between the classical design procedure
and the design procedure proposed in this paper.

II. PROPERTIES OF DIMENSIONLESS TRAJECTORIES
A. Dimensionless Follower Trajectories

Figure 1 schematically represents a cam-follower sys-
tem with one camshaft and multiple followers. The pe-
riodic motion of the followers is described by their (trans-
lational or rotational) displacement 6;(t) as a function of
time. Since the follower motions are periodic with pe-
riod T, the functions 6;(t) have the following property:
0;(t+T) = 0;(t),Vt,i. The index i refers to the i-th fol-
lower.

Using dimensionless parameters is a well known way [1],
[2] to decouple the motion shape from the motion ampli-
tude ©; and the period of motion T

t

0:i(t) = ©; - f; <f) =0, fi(7). (1)

©; has the dimension of [m] in the case of a translational
follower and the dimension of [rad] in the case of a rota-
tional follower. 7 = £ is the dimensionless time. Since all
displacements are periodic with period T, it is sufficient to
consider time values ¢ € [0,T] or thus dimensionless time
values 7 € [0,1]. fi(7) : [0,1] — [0, 1] is the dimensionless
displacement of the i-th follower, representing the shape of
the follower motion. Since the functions 6;(¢) are periodic
with period T, the shape functions f;(7) are periodic with
period 1, which means that f;(7) = fi(7 + 1), V7, 1.
Applying the chain rule for differentiation to equation
(1) yields the following proportional relations between the
time derivatives of 6;(t) and the derivatives of f;(7) with
respect to 7:
d"@i(t) _ O, (n)

dtn = 7 i

(7). (2)

B. Dimensionless Camshaft Trajectories

The motion of the camshaft is described by its rotation
angle ¢(t) as a function of time. A possible way of using

dimensionless parameters is given by the following formula:

o) =2m-9 (1) =2m 9 (0). 0

Again, 7 € [0,1] is the dimensionless time, and g(7) :
[0,1] — [0, gmaz = 1] is the dimensionless camshaft dis-
placement, representing the shape of the camshaft motion.
Gmax equals 1 since gpq. equals g(7 = 1)3 and g(t = 1)
equals 14. This definition of g(7) has the nice properties
that (i) it is very similar to the definition of the functions
fi(7) and (ii) it yields a function g(7) : [0,1] — [0, 1]. How-
ever, it is not very suited for design. For design, it is better
to use the dimensionless camshaft displacement h(7), de-
fined as [18]:

Jref 4 Jref
T -h<T>—27T' 7 “h(t). (4)

Again, 7 € [0,1] is the dimensionless time, and h(7) :
[0,1] — [0, hymas] is the dimensionless camshaft displace-
ment, representing the shape of the camshaft motion, with
hmaz = h(T7 = 1) not necessarily equal to one. Jref is
a reference inertia equal to 1 kg-m?; Jy is the equivalent
camshaft (rotational) inertia, including the motor inertia,
the flywheel inertia, the camshaft inertia and the inertia of
the cams.

Applying the chain rule for differentiation to equation
(4) yields the following proportional relations between the
time derivatives of ¢(t) and the derivatives of h(7r) with
respect to 7:

o(t) = 2

&(t) 2 [Ty

== )

III. DESIGN PROCEDURE: THEORETICAL BACKGROUND

The basis of the design procedure, is the assumption of a
conservative system, which allows to calculate the camshaft
speed based on the conservation of energy, as explained in
section ITI-A. Section III-B introduces the dimensionless
coefficient § as a way of making a well-founded choice of
the initial camshaft speed. Section III-C proves that § fixes
the value of the equivalent camshaft inertia Jy, whereas
section III-D indicates how to calculate the cam motion
laws. Both Jy and the cam motion laws are proven to be
independent of the period of motion T'.

A. Camshaft Speed of a Conservative, Purely Inertial Sys-
tem

When friction is negligible, and no external motor acts
on the cam-follower system, it is conservative. Hence, its
total (kinetic and potential) energy remains constant and
equal to the energy Ey at the start of the motion cycle:
E(t) = Ep.

3g(7) is a monotonically increasing function since ¢’(7) is always

bigger than zero. This has as a consequence that gmaz = g(7 = 1).
4g(T = 1) equals 1, since the camshaft has to make one complete
revolution during one period of motion: ¢(t =T) = 2.



This paper considers a special class of conservative sys-
tems, i.e. systems where all forces are inertial. These sys-
tems are quite important in practice since inertial forces
are often dominating, due to the tendency to increase the
drive speed. In rigid, purely inertial systems, the poten-
tial energy equals zero, and the energy equation reduces

t0: Egin(t) = Ekin,o. Applying the well-known expression
for kinetic energy yields:
. N . . N
Jo - $2(t) Ji-02(t)  Jo- ¢% Ji - 91 0
2 ; 2 2 ; 2 (©)

$2 and 9.1»270 are the initial values of ¢(t) and 6;(t) respec-
tively. J; is the inertia (rotational or translational) of the
i-th follower, and N is the number of followers.

Based on (6), this section shows that, for this special
class of conservative, purely inertial cam-follower systems,
the motions and the inertias of the individual followers
determine the dimensionless camshaft speed h'/(7) in a
unique way. Applying equations (5) and (2), substituting

2
na % . (QTWQ) and substituting the dimensionless coeffi-
2
cients (; 2 J‘]if . (2(3")2, yields:

- (h%) +3a f;2<r>> == (h’2 Sy )

i=1

or thus:

h/2 + Z Cz i

which expresses the conservation of kinetic energy in a di-
mensionless way. Since ¥ = % . @ has the dimension
of kinetic energy, the left part of (7) is defined as the di-
mensionless kinetic energy €(7):

th"‘ZCz' 3,07 (7)

dr) = BT

+Z<z 2(r). (8)

Efol("')

€mot (7—)

€701(T), the dimensionless kinetic energy of the followers,
is dependent on the N motion shapes f/(7), the N motion
amplitudes ©; and the N follower inertias J;. It is however
not dependent on the period of motion T'.

Based on (7), h'(7) can be calculated as:

h'(7)

N
hE+Y G
i=1

= \/Gmot,O + €fol,0 — GfOl(T)'

N
=D G SR ()
i=1

(10)

Equation (10) allows to draw four important conclusions.

o I/(7) is dependent on €,,01,0, €f01,0 a1d €70, (7). However,
when the N motion shapes f;(7), the N motion amplitudes
0O; and the N follower inertias J; are given (as is normally
the case), €7oi(7) and €00 are entirely determined and

there remains one basic design choice to be made: the value
of €mot,0 = h62

o h/(7) is independent of T, since €f4(7) is

o Limiting the frequency content of the motion shapes
f1(7) doesn’t limit the frequency content of h'(7) because
of the nonlinear square root operation.

e h/(7) can be calculated without any information concern-
ing the cam profiles, and without the need of time integra-
tion.

B. Choice of the Initial Camshaft Speed value

In order to make a well-founded choice of h{, a dimen-
sionless coefficient of motor speed fluctuation ¢ is intro-
duced:

. 2n | [ Ires s ,
5= Pmin _ T Jo min hmm (11)
¢mam 2m Iref - h! h;naz
T Jo max

The relationship between ¢ and hj, is derived as follows.
Substituting €mor,0 = h{ into equation (10) yields:

h/z(T) = h/02 + €fo1,0 — Efol(T). (12)

Consequently it is easy to see that:
h;gnn h/OQ + €fol,0 — €fol,max (13)
hgmz = h/OQ + €f01,0 — €fol,min- (14)

Substituting (13) and (14) into (11) and solving h{, from the
resulting equation yields the following relationship between
hy and 4:

2 €fol,maz—0° €fol,min
hg = = —€fo1,0 + Lo (15)

1-6
This equation can be simplified by choosing the time in-
stant where the kinetic energy of the followers is minimal,
as the beginning of the motion cycle: €fo1.0 = €fol,min-
This doesn’t compromise the generality of the equations:
it’s just a matter of convention®. Consequently (15) re-

duces to:
h/2 €fol,mazx — €fol,min

1—-42
This equation shows that h(, is dependent on: (i) the chosen
value of 0 and (ii) €fo(7). Hence, h{ is independent of T
AS €fol,mag 1S always bigger than €fo min, and J is always
smaller than one, hj, will always be a real number.

(16)

C. Calculation of the Equivalent Camshaft Inertia Jy

The assumption that the system is conservative, yields
that Jy cannot be freely chosen. This can be understood by
taking the average of both sides of equation (5) for n =1,
which yields:

2m [ Jre o

¢a1)e = ? JO ave*

5For a system with one follower, this convention boils down to
choosing the instant where the follower stands still, as the beginning
of the motion cycle.



Since (;-Sm,e, the average camshaft speed, must equal %’T, the
following constraint is imposed on Jy:

Jo=Jyep - B2

ave)’

(17)
with h/, . the average value of h/(7) over the interval [0, 1].
Jo is independent of T', since h'(7) is independent of T'.

D. Calculation of the Cam Motion Law

This section proves that not only Jy, but the cams as
well, are independent of T, by showing that the cam mo-
tion law F;(¢) is independent of T. The cam motion law
F;(¢) gives the i-th follower displacement 6; as a function
of the cam angle ¢: 0; = F;(¢). F;(¢) is defined by the
look-up table with ¢(¢) as inputs and F;(¢(t)) = 0;(t) as
outputs. In order to prove that F;(¢) is independent of T,
it is sufficient to prove that both the entries ¢(¢) and the
corresponding values F;(¢(t)) = 6;(t) of the look-up table
are independent of T'. Since

and h(7) and Jy are independent® of T, ¢(t) is independent
of T. On the other hand 6;(t) = ©; - f;(7) is independent
of T by definition of f;(7).

The motion law F;(¢) itself doesn’t contain any infor-
mation about the character of the drive speed, i.e. it gives
for each camshaft angle ¢ a corresponding displacement
0; = F;(¢), without saying anything about the time trajec-
tory of ¢(t). Consequently, from the moment the motion
law F;(¢) is determined, the design procedures for a cam
with constant drive speed and for a cam with variable drive
speed are exactly the same.

E. Design Procedure

As a summary of the previous sections, this section for-
mulates a design procedure that consists of seven steps and
starts from the following data: the N follower motions 6;(t)
and the N follower inertias J;:

1. Calculate f/(7) according to (2), and ¢; = JJef . (2(1%2.

2. Calculate e (1) = Zf\;l i+ f2(7). Determine the value
of 7 for which €, (7) is minimal. This 7-value becomes the
(new) beginning of the motion cycle.

3. Choose a value of § = 22 This choice determines the

max

value of h{, according to (16).

4. Calculate h'(7) according to (9). Calculate h(7) by an-
alytically integrating h'(7) [17]. The integration constant
is chosen such that h(0) = 0.

5. Calculate the value of Jy according to (17).

6. Calculate the motion law F;(¢) as follows. 6;(t) =
Fi(¢(t)) is given, and ¢(t) is obtained from h(7) by ap-
plying (4). F;(¢) is then defined by the look-up table with
@(t) as inputs and 6;(t) = F;(¢(t)) as outputs.

6h(7) is obtained by analytically integrating [17] h’(7) with respect
to 7; since h/(7) is independent of T', h(7) is independent of T too.

Fig. 2. The desired displacement 6;(t) as a function of time for
the three followers of the design example (upper figure), and the
value of Jy as a function of § (lower figure).

7. To determine the cam profiles, the design procedure has
to take into account the type of the cam and the follower
(e.g. linear or rotary follower). The algorithms for calcu-
lating the cam profile based on the knowledge of F'(¢) and
the type of cam-follower configuration are well known [2].

This design approach yields cams that are compensated
for the inertial dynamics, since the motor torque required
to drive the cam-follower system is equal to zero (and the
only forces in the system are inertial forces).

IV. DESIGN EXAMPLE: INFLUENCE OF ¢

This section investigates the influence of the value of §
on (i) Jp and (ii) the cams of a cam-follower system with
three followers (N = 3). Each of the three cam-follower
configurations consists of a rotating, conjugate cam with
an oscillating follower, having an inertia J; of 0.3758 kg-m?2.
The upper figure of figure 2 shows one period (T" = 0.1s)
of the desired displacement 6;(t) as a function of time for
the three followers.

The lower figure of figure 2 shows that the value of Jy
increases a function of d: a slow increase for values of § up
to 0.8 but a very rapid increase for higher values of 4.

Figure 3 shows, for the slave cam of the first cam-follower
configuration (¢ = 1), how the cam profile and the cam
properties change as a function of §. The upper part of the
cam profile completely degenerates for values of ¢ smaller
than 0.5. This can be explained by the fact that the cam
motion law becomes very pointed for small values of §.
The degeneration of the cam profile for small values of § is
confirmed by the deterioration of the cam properties. The
maximal pressure angle 4z, shown in the upper left fig-
ure, becomes much too big for § € [0.4,1], though it has
reasonable values (i.e. values lower than 20°) for higher
d-values. Consequently, the maximal Hertzian pressure
OH,maz ON the cam profile, shown in the lower left figure,
has reasonable values for § higher than 0.6, but rapidly
increases for smaller values of 4.

The degeneration of the cam profile can also be derived
from the upper middle figure, which shows the minimal
positive value of the radius of curvature p. This minimal
value should be greater than the radius 7, = 0.05m of the
roller follower, in order to avoid underrolling. Only positive
values of p should be considered since only convex parts of
a cam profile can exhibit underrolling. The 0.05m-limit is
indicated with a dashed line. The figure shows that for §
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Fig. 3. The properties of the slave cam of the first cam-follower
configuration (i = 1) as a function of §: maximal pressure angle
(upper left figure), minimal positive radius of curvature (upper
middle figure), maximal Hertzian pressure (lower left figure),
maximal cutter radius (lower middle figure) and cam profile
(right figure). The cam profile is shown for five different val-
ues of §,1.e 6 =0.1,§ =0.3, § = 0.5, 6 = 0.7 and 6 = 0.9. The
arrows indicate increasing values of §.

smaller than £0.4, the slave cam exhibits underrolling.

The concave parts of a cam profile cannot exhibit un-
derrolling but there is another possible problem there, i.e.
undercutting, which means that the radius of the cutter,
used for creating the cam profile, is too big to mill the cam
profile. The lower middle figure shows the maximal value
of the cutter radius p¢ mqr in order to avoid undercutting.
For values of ¢ to the right of the peak in the diagram,
no value of pcmaqz is shown, since for these values of d,
there are no concave parts on the cam profile, and hence
no danger of undercutting.

As a conclusion, it can be stated that the value of § is
a compromise between obtaining a small Jy (a small fly-
wheel) and maintaining good cam properties. For this de-
sign example, a value of § ~ 0.7 seems to be a good com-
promise: Jp remains reasonably small, the pressure angle
and the normal force have limited values, there is no un-
derrolling and no limitation on the cutter radius since the
cam has no concave parts.

V. DESIGN EXAMPLE: COMPARISON BETWEEN A
CONSTANT AND A VARIABLE DRIVE SPEED

This section compares (on simulation) the behaviour of
a cam-follower system with cams that are designed in two
different ways: (i) cams designed in the traditional way, for
a constant drive speed (the cam-follower system with these
cams is called the CON-system) and (ii) cams designed for
a variable drive speed, with § = 0.97 (the cam-follower sys-
tem with these cams is called the VAR-system). For both
the CON- and the VAR-system, the follower motions 6;(t)
and follower inertias J; are the same as in the design exam-
ple of the previous section. Both systems are driven with
an identical permanent magnet DC-motor® with a classi-
cally designed feedback control system.

There is viscous friction between the camshaft and the
environment, quantified by b [N-m/(rad/s)], the coefficient
of viscous friction. Both the CON- and the VAR-system

7This value fixes the value of Jy in the VAR-system. The value of
Jo in the CON-system is taken equal to this value.

8No saturation is taken into account, which means that the DC-
motor can deliver a torque that can be arbitrarily large.

are simulated for three different values of b: b =0, b = 2.5
and b = 25. For b = 2.5, the energy dissipation Fg;ssip
during one motion cycle approximately equals 1 kJ; for
b = 25, the energy dissipation is ten times bigger. These
values should be compared with the total kinetic energy
of the system, which approximately equals 33 kJ. When
b = 0, there is no friction in the system, as assumed in the
design procedure. Consequently, in the VAR-system, the
required motor torque should be zero, since the cams are
compensated for the inertial dynamics. Furthermore, the
desired and actually realized camshaft motion and follower
motions should coincide. The discussion hereafter shows
that this is approximately true.

The upper figure in figure 4 compares the desired
camshaft speed ¢ges(t) and the actually realized camshaft
speed ¢gct(t) for the CON- and the VAR-system. For the
CON—system,.q'Sdes(t) (equal to 62.83 rad/s over the whole
period) and ¢qqt(t) do not coincide at all, in contrary to
the VAR-system where the difference between them is very
small, at least for b = 0 and b = 2.5. Only for b = 25, the
difference is visible.

The good correspondence between qzlﬁdes (t) and (ﬁact(t) in
the VAR-system yields three important advantages. First
of all, the required motor torque is much lower than in the
CON-system, since the error signal provided to the con-
troller is very small. This can be clearly seen in the lower
figure of figure 4. In the VAR-system, Tyt maz is 0.08 N-
m (theoretically zero) for b=0, 18 N-m for b=2.5 and 155
N-m for b=25, which is much smaller than T}, o¢t,maee ~ 400
N-m in the CON-system. The difference in motor torque
between the CON- and the VAR-system can be understood
by noticing that in the CON-system, the motor has to com-
pensate the friction force and the inertial forces, while in
the VAR-system, the motor has to compensate nothing but
the viscous friction force, since its cams are compensated
for the inertial dynamics.

A second advantage is the more accurate realization of
the follower motions. Table 1 gives the relative error [%]
between the amplitudes of the first six harmonics of the
actually realized position and the desired position of the
first follower. In the VAR-system, these relative errors are
very small for b=0 (theoretically zero) and b=2.5 and rea-
sonable for b=25. For the CON-system, however, these
relative errors are considerably higher, especially for the
higher order harmonics. Notice though that the (desired)
amplitude of these higher harmonics is very small.

A third advantage is the fact that in the VAR-system,
the (bact(t) spectrum can be robustly predicted by calcu-
lating the ¢ges(t) spectrum, since the difference between
Pact(t) and ¢ges(t) remains small, even for high values of
b. Calculating the spectrum of ¢g.s(t) has the advantage
of (i) being very easy since it requires no time simulation
and (ii) not requiring any information concerning the ac-
tuator or the controller. In the CON-system however, the
calculation of the ¢ (t) spectrum requires a time simula-
tion of the entire system (including the actuator and the
controller). This third advantage may be important in an
early design stage, where the designer may not yet know
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Fig. 4. Upper figure: comparison of ¢ges (t) for the VAR-system (full
line), with ¢act(t) in the VAR-system (dashed line) and in the
CON-system (dotted line), for three values of b. Lower figure:
comparison of the required motor torque in the VAR-system (full
line) and in the CON-system (dashed line), for three values of b.

the type of actuator or controller but still wants to have
an idea of the spectrum of the camshaft motion in order to
avoid the excitation of structural resonances.

VI. CONCLUSION

A design method for rigid cam-follower systems with
dominating inertial forces has been developed. The method
is based on the assumption of a conservative, purely inertial
system, and has only one design parameter: the amount
of camshaft speed variation 6. ¢ fixes the value of the
camshaft inertia (and thus the size of the flywheel), inde-
pendently of the period of motion 7. The cams designed
in this way compensate for the inertial dynamics for any
period of motion.

The value of § is a compromise between obtaining a small
flywheel and keeping the cam properties reasonably good
(e.g. § =~ 0.7). The comparison between a system with
variable desired camshaft speed and a system with constant
desired camshaft speed has shown that this new way of
designing cams has the following advantages, even for non-
conservative, non-purely inertial cam-follower systems: (i)
more accurate follower motions, (ii) lower motor torques
and (iii) a camshaft motion spectrum that is easily and
robustly predictable.
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