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Abstract

In this work a feasibility study of the robust predictive control for the design of an
automatic steering system is presented. The involved vehicle is a full-scale non-
linear model of a BMW520i and the feedback is only on the lateral displacement.
The robustness feature is particularly motivated by variations in velocity, tyre-road
contact and vehicle mass. The control design is performed using a sensitivity func-
tion shaping procedure that heavily borrows from the robust control culture. A feed-
forward approach using the curvature of the incoming road as preview information,
as well as a multi-model adaptation and a suitable self-tuning adaptation have been
investigated. Intensive simulations are carried out to emphasise the performance of
the proposed automatic steering system.

Zusammenfassung

Die vorliegende Arbeit beschäftigt sich mit der Realisierbarkeit und dem Entwurf
eines robusten, automatischen Spurführungssystems für ein Kraftfahrzeug. Motiva-
tion für die Robustheit des vorgestellten, prädiktiven Reglers sind unsichere physi-
kalische Parameter wie Fahrgeschwindigkeit, Beladung und Kraftschluß zwischen
Reifen und Fahrbahn. Einzige Rückführgröße ist die Querabweichung des Fahr-
zeugs von der Sollspur. Der Reglerentwurf besteht aus dem „Shaping“ von Empfind-
lichkeitsfunktionen. Eine Störgrößenaufschaltung unter Verwendung der Kurven-
krümmung als meßbare Störgröße, sowie eine Multi-Modell-Adaption und eine ge-
eignete Self-Tuning Adaption wurden realisiert. Umfangreiche Simulationen unter
Verwendung eines komplexen, nichtlinearen Fahrzeugmodells eines BMW520i zei-
gen die Leistung des vorgestellten Lenksystems.
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1 Introduction
The development of advanced control systems in the automotive field, like anti-lock
braking and acceleration skid control, like active suspension systems and control of
lateral vehicle dynamics, required many years of extensive research in sophisticated
control design. Indispensable tools in control design are powerful computer simu-
lators, being cost-efficient, providing reproducible test conditions, and replacing risky
driving manoeuvres. The vehicle simulators became more and more complex and
can nowadays demonstrate the vehicle dynamics under various driving conditions
until the limit of stability [Daiß96, Maj96a, Maj96b].

In order to complete a vehicle simulation, a driver model needs to be considered, or
at least a controller that performs equivalent tasks. The development of driver mod-
els for vehicle simulators is basically motivated by two facts: firstly, it can be desir-
able to simulate the vehicle and its dynamics in closed-loop, e.g. with the influence
of the driver. This is in contrast to open-loop simulations, where only test signals on
the steering wheel are applied to study the vehicle dynamics or where the reaction of
the vehicle on specific disturbances as side wind is studied using fixed control, i.e.
the steering angle remains constant. Closed-loop manoeuvres with “real” driver
models are expected to give further insights into vehicle handling and to enable
studying the influence of vehicle parameters on the subjective handling right during
the development phase of a vehicle. In this case a driver model is needed, which
reflects perfectly the behaviour of a real driver, including his imperfection, but also
considering the multitude of information, which is evaluated by a human driver.
Research in this field has been done for quite a long time [Horn86, Rei90, Ris91]
and becomes currently more and more a field of special interest.

A second task of a steering system, besides perfect driver modelling, can be to carry
out specific driving manoeuvres like cornering with optimal performance. This is
basically important to investigate the performance of implemented control systems
like active suspension, anti-lock braking or vehicle dynamics control. In this case not
the modelling of a real driver is emphasised, but an optimal behaviour is desired, to
follow perfectly the given experimental specifications.

In order to investigate advanced robust control theory, the second approach is fol-
lowed in this work for automatic steering. The task of steering a vehicle on a given
trajectory represents a challenging control problem if variations of velocity, road
conditions and vehicle mass are allowed [Ack93a, Ack93b]. The main advantage of
this approach is the applicability of the controller not only for simulation purpose, but
also as a part of these integrated highway systems that are currently designed for
the next century and where automotive steering controller will be of practical interest.
In the second subsection of this paragraph, the idea of an integrated highway sys-
tem and its expected benefits as well as the problem of automatic car steering are
introduced.

1.1 Organisation of the Text
The presented steering system has been developed and evaluated using a full-
scale, non-linear vehicle simulator which had been developed at the Institute for In-
dustrial Information Techniques of Technical University Karlsruhe to investigate the
automotive control [Maj96a, Kie96b]. This vehicle model, implemented under Mat-
lab/Simulink, is described briefly in chapter 2.
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In previous studies the classical linear single-track model was used for control
design [Ack95, Ack93b, Gul95, Peng90, Ram95]. However, in the present work the
vehicle dynamics of the complex, non-linear vehicle simulator have been identified
over the domain of possible operating conditions. The underlying Least Squares
estimator is described in chapter 3, the estimation procedure and the identification
results are explained in chapter 4. The control model identification and its validation
was carried out using the advanced control software package SIMART [Hej94,
M’Saad94].

When dealing with time-varying systems, basically two approaches for control
design are possible: Robust Control design provides a controller which stabilises the
system for all operating conditions and which meets certain performance specifica-
tions, but it does not necessarily work with optimal performance. Adaptive Control
leads to more complex, non-linear controllers, which adapt their behaviour to the
time-varying system [Åst84, Iser87].

An introduction to Robust Control theory is given in chapter 5. Some expressions,
commonly used in design and analysis of insensitive control systems, are explained,
as well as the standard robustness quantifiers like robustness margins and sensitiv-
ity functions.

The control design of the developed robust steering controller has been carried out
using an appropriate predictive control approach that has been developed from the
Generalized Predictive Control (GPC) [Cla87, Cla89, Soet90] in the spirit of the
robust control theory [Lim95, Zho95]. This approach is explained in chapter 6. Its
application for automatic steering is explained, and the obtained performance is
illustrated for several driving conditions. Besides the standard design specifications,
namely maintaining the lateral displacement as small as possible for typical
manoeuvres taking into account the actuator constraints and the passenger comfort,
suitable shapings of the usual sensitivity functions had to be achieved. The perform-
ance specification, the control design, and the stability and performance robustness
analysis were carried out using the software package SIMART. The obtained con-
troller was then exported to Matlab/Simulink and the experimental validation was
carried out using the complex, non-linear vehicle simulator.

The performance of the robust GPC controller has been improved using a feed-
forward structure, assuming the curvature of the coming road to be available as a
priori information. This is explained in chapter 7.

Chapter 8 finally presents the adaptive control approach, an open-loop adaptation
as well as a self-tuning regulator have been implemented. For this purpose, the
required identification and control modules of the software package SIMART were
exported and included into the vehicle simulator under Matlab/Simulink.

Chapter 9 gives a summary and an overall conclusion, as well as an outlook and
future perspective.

1.2 Automatic Steering
During the middle 1980s, transportation planners and researchers in Europe, North
America, and Japan realised that the rapidly worsening traffic problems could not be
solved with conventional technologies. Information technologies need to be applied
in a much broader way than ever before, and the integration of travellers, vehicles,
and roadway infrastructure into a comprehensive system is necessary. Such appli-
cations of information technology are relatively common in air, rail, and marine
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transportation systems today. However they are extremely rare in road transporta-
tion, despite the dominant role of rubber-tired transportation systems throughout the
industrialised world [Shla93].

In 1990 the Intelligent Vehicle Highway Society of America (IVHS) was chartered, to
develop a strategic plan for the development and deployment of IVHS in the US. The
goals of the IVHS program are to improve the performance of the surface transpor-
tation system in a wide variety of dimensions by

• reducing traffic congestion, pollution, and energy use,

• improving safety,

• enhancing mobility of travellers, especially of the elderly and disabled,

• increasing the viability of public transportation, and

• increasing the convenience of travel.

The IVHS program in the US has been subdivided into the following families of tech-
nology: Advanced Traffic Management Systems, Advanced Traveller Information
Systems, and Advanced Vehicle Control Systems (AVCS). The latter includes not
only systems that can take complete longitudinal and lateral control of the move-
ments of a vehicle but also systems that can assist a driver in controlling the vehicle.
It subdivides into three separate stages of development:

• driver warning systems, including frontal collision warning, lane departure
warning, loss of traction (ice) warning, and driver performance monitoring and
drowsiness warning,

• driver control assistance systems, including autonomous intelligent cruise
control, collision avoidance (braking and/or steering), and lane holding
(steering assistance), and

• fully automated vehicle control systems, such as the Automated Highway
Systems (AHS), including automated vehicles on special-purpose lanes,
automated vehicles on their own freeway network, autonomous automated
vehicles, and automatic parking.

AHS are particularly controversial because of their significant difference from pres-
ent-day operations. While some observers point out the potentially very large bene-
fits in safety, capacity, and efficiency that AHS could offer, others criticise the tech-
nical risks to overcome and the considerable investments that will be needed to real-
ise those benefits [Shla93]. The goal of an AHS design is to significantly increase
safety and highway capacity without having to build new roads. The human drivers
have no direct control over the vehicles in an AHS as the automated highway system
controls all the vehicles [God96].

AHS require a wide range of technologies, including traffic management systems
that aid drivers, and co-operative systems that link the two. One of the fundamental
parts of AHS are lane following manoeuvres, i.e. automatic steering [Che95].

The main purpose of automatic steering consists in performing a robust tracking of a
reference line. This reference line is located in the middle of the lane and may con-
sist of the magnetic field of an electrically supplied wire or permanent magnets in the
road [Ack95]. The design of an automatic steering system is a robustness problem in
view of large variations in velocity, mass of the vehicle, and friction coefficient
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between tyre and road surface. In this work the applicability of the robust predictive
control for automatic steering, with and without parameter adaptation, is investi-
gated, using solely feedback of the lateral displacement measurement unlike in the
earlier design studies [Ack95, Sie94, Peng90]. The front steering angle is used as
the manipulated variable. The involved tracking error is measured by a displacement
sensor, which is mounted in the centre of the front end of the vehicle.

Typical reference manoeuvres are

• transition from a straight line into a circle,

• transition from manual to automatic operation,

• side wind forces.

Specifications are given in terms of maximal displacement from the guideline and
maximal steering angle and steering angle rate. The involved control problem repre-
sents a challenging opportunity to investigate the advanced control techniques.
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2 Vehicle dynamics
In this chapter, the non-linear vehicle model, developed at the Institute for Industrial
Information Techniques of the Technical University of Karlsruhe, is briefly described.
It has been developed in order to investigate the automotive control, previous
experimental studies have already demonstrated its suitability and performance
[Kie93, Kie94, Kie96]. This realistic vehicle model has been identified over the
operating domain in order to obtain a set of linear models, of which a nominal control
model has been selected for the robust control design. The complex vehicle model
has further been used for experimental evaluation of the robust controller. For a
detailed description of the model please see [Daiß96, Maj96a, Maj96b].

The vehicle model consists of several sub-models which can be developed and
modified independently. The most important sub-models are chassis, tyres, suspen-
sion, road model, steering system, and aerodynamic model, all important nonlineari-
ties are taken into account. A driver model can be included, in the present work a
controller for the longitudinal speed was only used. Figure 2.1 shows the basic
structure. The data has been adapted to a BMW520i and proved to demonstrate a
realistic behaviour during various driving conditions, namely normal to critical situa-
tions at the limit of stability [Daiß96, Maj96a].
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Figure 2.1: Sub-models of the vehicle simulation model

The global input variables for this simulation are the front steering angle, the initial
velocity, the weather and road conditions and the road trajectory. This trajectory is
composed of different road section for each of them the desired velocity needs to be
defined, as well as the road curvature, the wind speed and direction, the weather
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condition, e.g. dry road, wet road, snow road, and the road surface, e.g. concrete,
asphalt, or cobble-stone.

The Chassis Model

The chassis frame is described by a six degree of freedom model, i.e. three transla-
tional and three rotational degrees of freedom, as it is shown in figure 2.2. The latter
can be described by three torque equations, namely the equation for the yaw rate,
the torque equation round a longitudinal axis (roll movement), and the torque equa-
tion round a lateral axis (pitch movement).

wheel lift

yaw

z  lifting movement

chassis frame

y
lateral
movement

pitch
x

longitudinal
movement

steering
motion

roll

rotation

wheel

Figure 2.2: Degrees of freedom of the chassis frame and the wheel model

The equations of moments for the translational movements take the longitudinal and
lateral wheel forces of the four wheels as well as wind forces, gravity forces and fric-
tional forces into account. The equations of moments consider longitudinal and lat-
eral wheel forces, dynamic load forces due to braking and acceleration, as well as
wind influences.

The Tyre Model

The tyre model represents a central part of the vehicle model. A number of factors
affect the tyre dynamics and thus the longitudinal and lateral wheel forces: the tyre-
road contact characteristic, the velocity of the vehicle, and the wheel load.

The calculation of the wheel slip, wheel slip angle, camber angle, friction coefficient
and wheel forces are carried out as described in [Bur93, Daiß96, Maj96a]. The fric-
tion characteristic of the road is a non-linear curve with a dependence not only on
the surface but also on the vehicle speed vch and the normal force FZ between tyre
and road [Bur93].

Figure 2.3 shows the characteristics for dry asphalt, for wet asphalt, for snow and for
ice.
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Figure 2.3: Friction characteristics for some typical road conditions

The Suspension Model

The undercarriage and suspension system has been modelled as four independent
two-degree-of-freedom quarter-vehicle models with non-linear damper characteris-
tics. All the four suspensions of the vehicle are of the same structure, with different
parameters.

Each shock absorber is assumed to be described by a suspension spring and a non-
linear damper, both or them are mounted between axle mass and vehicle body. The
tyre stiffness is also modelled.

The non-linear damper characteristic is described by a 4th order polynomial and has
been obtained by experimental results.
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3 Parameter Estimation
Since the applied predictive control design is based on linear control model, the
vehicle dynamics have been identified over a domain of possible operating condi-
tions using a recursive least squares estimation algorithm. This represents an ideal
case for identification since for each operating condition the plant behaviour remains
constant during identification measurements. However, for the proposed adaptive
version the vehicle behaviour becomes time-varying since the vehicle dynamics are
identified during operation in closed loop. This requires a much more advanced es-
timation algorithm which performs well in the presence of state disturbances, plant
parameter variations and unmodelled dynamics [M’Saad94a, M’Saad94c].

In the following paragraph the applied robust recursive least squares estimation pro-
cedure is presented, it includes pre-treatment of data like filtering and normalisation,
as well as exponential data weighting, adaptation gain regularization, adaptation
freezing and incorporation of prior knowledge. These algorithms are available in the
software-package SIMART, which was used for the off-line identification procedure.
For the adaptive version, these SIMART-modules have been exported and imple-
mented in Matlab/Simulink.

3.1 The Least Squares Estimator
We consider the following linear discrete time shift operator model

A(q-1) y(t) = B(q-1) u(t-d-1) (3.1.1)

where

A(q-1) = 1 + a1q
-1 + ... + an-1q

n-1 + anq
-n = 1 + q-1 A*(q-1)

B(q-1) = b0 + ... + bmq-m

The order of numerator m and denominator n are known, as well as the time delay d.

The output of the system at the time t can then be expressed as follows:

y(t) = - A*(q-1) y(t-1) + B(q-1) u(t-d-1) = − − + − − − =
==
∑∑a y t i bu t d ii i
i

m

i

n

( ) ( )1
01

= - a1y(t-1) - ... - any(t-n) + b0u(t-d-1) + ... + bmu(t-d-1-m)

which is the same as

y(t) = φ(t-1)Tθ (3.1.2)

where

φ(t-1)T = [- y(t-1), ..., - y(t-n), u(t-d-1), ..., u(t-d-1-m)]

θT = [a1, ..., an, b0, ..., bm]

φ(t-1)T is called regression vector or regressor.

The least square identification method depends on the ability to rearrange the model
which has to be estimated so that the predicted output is describable as a linear
function with respect to the parameters, i.e. like equation (3.1.2).

If the estimated model is described as
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$( ) ( ) $y t t T= −φ θ1

the prediction error between the output of the real model y(t) and the predicted out-
put $( )y t  using the estimated model becomes

ε φ θ( ) ( ) ( ) $t y t t T= − − 1 (3.1.3)

No matter which parameter estimation procedure is selected, the guiding principle is
to select $θ  so that the prediction error ε(t), t = 1, 2, ..., max(n, m+d) becomes as
small as possible. For the least squares algorithm, the following quadratic criterion is
to be minimised:

[ ] [ ]J t t y i i
i

t
T

i

t

($, ) ( ) ( ) ( ) $θ ε φ θ= = − −
= =
∑ ∑2

1

2

1

1 (3.1.4)

The result can be calculated by setting the partial derivative to zero:

[ ]∂ θ
∂θ

φ φ θJ t
i y i i T

i

t( $, )
$

( ) ( ) ( ) $= − − − − =
=
∑2 1 1 0

1

which can be written as

φ φ θ φ( ) ( ) $ ( ) ( )i i y i iT

i

t

i

t

− − = −
= =
∑ ∑1 1 1

1 1

The estimated parameter $θ  can finally be calculated as

$ ( ) ( ) ( ) ( ) ( ) ( ) ( )θ φ φ φ φ= − −






− = −
=

−

= =
∑ ∑ ∑i i y i i F t y i iT

i

t

i

t

i

t

1 1 1 1
1

1

1 1

, (3.1.5a)

where

F t i i T

i

t

( ) ( ) ( )−

=

= − −∑1

1

1 1φ φ (3.1.5b)

Notice that the principle, that the sum of the squares of the differences between the
observed and the computed quantities must be minimum, is independent of a sto-
chastic framework. However, a disturbance or error sequence x(t) influences the
properties of the estimate $θ  [Ljung87]. If the system is described by

y(t) = φ(t-1)Tθ0 + x(t)

where θ0 is the “true” parameter, if x(t) can be described by white noise with variance

λ, and if φ(t) is bounded, then the estimated parameter $θ  is a strongly consistent
estimate of θ0, which means, that

$θ  → θ0, as N → ∞.
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3.2 Recursive Least Squares Estimator
Equation (3.1.5) essentially solves the least squares estimation problem. However,
the result can be obtained only after the data acquisition, if additional data arrives,
the estimation procedure has to restart from scratch. Due to this, a recursive least
squares algorithm has to be derived which can also be used for on-line estimation,
this is essential for the proposed adaptive approach.

In a recursive estimation algorithm the estimated parameter vector $θ  becomes nec-

essarily time-varying, it is why in the following $( )θ t  will be used instead.

Starting from equation (3.1.5a) we consider the estimated parameters at the time
t+1:

$( ) ( ) ( ) ( )θ φt F t y i i
i

t

+ = + −
=

+

∑1 1 1
1

1

, (3.2.1)

where

F t i i F t t tT

i

t
T( ) ( ) ( ) ( ) ( ) ( )+ = − − = +−

=

+
−∑1 1 11

1

1
1φ φ φ φ (3.2.2)

and

y i i y i i y t t
i

t

i

t

( ) ( ) ( ) ( ) ( ) ( )φ φ φ− = − + +
=

+

=
∑ ∑1 1 1

1

1

1

(3.2.3)

Since y i i F t t
i

t

( ) ( ) ( ) $( )φ θ− =
=

−∑ 1
1

1 , equation (3.2.1) can be rewritten using equation

(3.2.3):

{ }( )$ $ $ $θ θ φ φ φ θ φ φ θ(t 1) F(t 1) F(t) (t) y(t 1) (t) + (t) (t) (t) (t) (t) (t)1 T T+ = + + + −−

(3.2.4)

⇔ [ ]F t t F t t t t t t y t t tT T( ) $( ) ( ) $( ) ( ) ( ) $( ) ( ) ( ) $( ) ( )+ + = + + + −− −1 1 11 1θ θ φ φ θ φ θ φ

Using equation (3.2.2) this can be written as

[ ]F t t F t t t y t t tT( ) $( ) ( ) $( ) ( ) ( ) $( ) ( )+ + = + + + −− −1 1 1 11 1θ θ φ θ φ

which leads to

[ ]$( ) $( ) ( ) ( ) ( ) $( ) ( )θ θ φ θ φt t F t t y t t tT+ = + + + −1 1 1 (3.2.5)

In order to obtain a recursive formula for F(t+1) the following matrix inversion lemma
is used:

( )F F
F F

F
T

T

T
− −

+ = −
+

1 1

1
φ φ φ φ

φ φ
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With F(t+1)-1 = F(t)-1 + φ(t) φ(t)T (see equation (3.2.2)), which is the inverse of the left
hand part of the matrix inversion lemma, the recursive formula for F(t+1) can be
written as

F t F t
F t t t F t

t F t t

T

T( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )
+ = −

+
1

1
φ φ
φ φ

(3.2.6)

Resetting t := t + 1 and with F t t
F t t

t F t tT
( ) ( )

( ) ( )
( ) ( ) ( )

+ =
+

1
1

φ φ
φ φ

 (3.2.7)

equations (3.2.5) and (3.2.6) lead to the first recursive version of the least squares
estimator:

[ ]$( ) $( )
( ) ( )

( ) ( ) ( )
( ) $( ) ( )θ θ φ

φ φ
θ φt t

F t t
t F t t

y t t tT
T= − + − −

+ − − −
− − −1

1 1
1 1 1 1

1 1 (3.2.8)

F t F t
F t t t F t

t F t t

T

T( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )
= − − − − − −

+ − − −
1

1 1 1 1
1 1 1 1

φ φ
φ φ

(3.2.9)

where

F(0) = F0 = F0
T > 0

3.3 Exponential Data Weighting
For this estimation algorithm, the matrix F(t), which is usually called adaptation gain
matrix, tends to zero for increasing time, which can be easily shown if only one
parameter is to be estimated [Lan88]. In this case F(t) and φ(t) are scalars and
equation (3.2.7) results in

F t
F t

t F t
F t( )

( )
( ) ( )

( )+ =
+

≤1
1 2φ

This implies firstly that the initial adaptation gain F(0) must be greater than zero in
order to enable the estimation procedure to work. Secondly it can be seen that with
increasing time, and thus with decreasing values of F(t), changes of the parameter
vector $( )θ t  become smaller and smaller. Therefore a forgetting factor f(t) is intro-
duced which assigns less weight to older measurements that are no longer repre-
sentative for the system [Ljung87]. The update law for F(t) changes then to

F t
f t

F t
F t t t F t

t F t tT( )
( )

( )
( ) ( ) ( ) ( )

( ) ( ) ( )
= − − − − − −

+ − − −










1
1

1 1 1 1
1 1 1 1

φ φ
φ φ

(3.3.1)

The forgetting factor f(t) can be variable in time, it is initialised as follows
[M’Saad94c]:

f(t) = f0 f(t-1) + (1 - f0) (3.3.2)

with 

f(0) ≤ 1, f0 < 1
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f0 and f(0) denote the time constant and the initial value of the forgetting factor
sequence. The identification is carried out using an iterative procedure in order to
select f0 and f(0) as well as the initial adaptation gain F(0) so that the initial values of
$( )θ t = 0  are rapidly adapted to the true values, but that later measurement values
can still influence the estimation result. Appropriate values for F(0) for the case
when no initial knowledge about the estimated parameters is available ( $( )θ 0 0= ) are

large, e.g. 1000, if good initial values for $( )θ t  are available (e.g. as a result of a pre-
vious identification procedure), values of F(0) ≤ 1 are generally chosen [Lan88]. For
the correspondence between measured values and the output of the estimated
model, the prediction error ε(t) is an adequate measure.

3.4 Exponential Data Weighting for Time-varying Systems
For time-varying systems, e.g. in adaptive control, further modifications of the esti-
mation algorithm are needed. This is due to the fact, that in equation (3.3.2) the final
value of the forgetting factor sequence f(t → ∞) becomes 1 and therefore F(t → ∞) =
0. This observation motivates two possible modifications of the estimation algorithm.
The first possibility is to modify the forgetting factor sequence in that way, that the
final value f(t → ∞) < 1. This leads to the following forgetting factor sequence:

f(t) = f0 f(t-1) + (1 - f0) ft (3.4.1)

with

f(0) ≤ 1, f0 < 1, ft ≤ 1

ft is the final value of the forgetting factor.

The second possible modification is to prevent the adaptation gain matrix F(t) from
decreasing to zero. This approach is called adaptation gain regularization and is ex-
plained in the following chapter.

3.5 Numerical Robustness Considerations and Adaptation Gain
Regularization
An advanced estimation algorithm does not update the adaptation gain matrix F(t) as
made in equation (3.3.1). F(t) is decomposed into a product of matrices which are
updated instead. This improves not only the numerical robustness of the algorithm,
but it also allows to implement the already mentioned adaptation gain regularization
more easily.

Numerical problems can occur if the changes of the input signal are relatively small,
which is usually the case in adaptive control, or if the estimation algorithm is imple-
mented using digital microprocessors with a relatively short word length. Both cases
result in badly conditioned matrix equations. In order to work with better-conditioned
matrices, it is useful to decompose the adaptation gain matrix F(t) using the so-
called UD-factorization. This UD-factorization is generally used as the best form for
numerical computations of the adaptation gain matrix [Iser92, Ljung87, M’Saad94c].

The guiding principle is to update not the adaptation gain matrix F(t) which contains
the products and covariances of signal values, but to decompose F(t) into a product
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of matrices. These matrices contain elements of the same magnitude as the original
signal values and are updated instead of F(t).

F(t) can be decomposed like

F(t) = U(t) D(t) U(t)T

with

U t

x x

x

x
( ) =



















1

0 1

0

0 0 1

L

M

M O

L

and

D t

d t

d t

d ti

( )

( )

( )

( )

=



















1

2

0 0

0 0

0 0

0 0

L

M

M O

L

, i = 1 ... n+m+1

This factorisation improves not only the numerical robustness, it also allows to easily
introduce regularization, that is, measures to ensure that the eigenvalues λi(t) of F(t)
stay bounded, at the same time as F(t) remains positive definite [Ljung87]. Indeed a

small quotient 
λ
λ

max

min

 can be considered as quantifier for a good conditioned matrix

equation [Iser92].

Without proof, the following statement is true:

( )det ( ) ( ) ( )F t d t ti
i

n m

i
i

n m

= =
=

+ +

=

+ +

∏ ∏
1

1

1

1

λ

Therefore a lower bound for the eigenvalues λi(t) of F(t) and thus for the adaptation
gain F(t) can be achieved by maintaining the elements of the diagonal matrix D(t)
beyond a specified threshold d0:

d0(t) = d0 if d0(t) ≤ d0

This threshold d0 of the diagonal elements of D(t) is also called the lower bound of
the adaptation gain regularization [M’Saad94c, M’Saad94]. This introduced lower
bound for F(t) can be implicitly expressed by a matrix R(t) in the following modified
update law:

F t
f t

F t
F t t t F t

t F t t
R tT( )

( )
( )

( ) ( ) ( ) ( )
( ) ( ) ( )

( )= − − − − − −
+ − − −









 +1

1
1 1 1 1

1 1 1 1
φ φ

φ φ
(3.5.1)

Now, the problem of a decreasing adaptation gain matrix F(t) is solved by using an
appropriate forgetting factor sequence f(t) and a lower bound of the adaptation gain
matrix. One remaining problem with the update algorithm of F(t) in equation (3.5.1)
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is, that under low excitation conditions F(t) can grow without bound. In order to en-
sure that excessively large values are avoided, the trace of F(t) (which is defined as
the sum of the diagonal elements) is hold constant whenever it exceeds some
threshold. Thus a upper bound λmax is ensured.

More particularly this is implemented as follows:

After the identification process is started, the forgetting factor sequence is calculated
as proposed in equation (3.4.1):

f(t) = f0 f(t-1) + (1 - f0) ft

By selecting appropriate values for f0, f(0) and F(0), bad initial conditions vanish
rapidly. But after this initialisation time, as soon as the relatively large value of F(t)
(or more precisely: as soon as the trace of F(t)) has dropped below a specified trace
threshold, the forgetting factor sequence f(t) is selected so that the trace of F(t) is
kept constant:

trace[F(t)] = trace[F(t-1)]

This is achieved by the following, new update law for f(t):

[ ]
( ) [ ]

f t
trace F t t t F t

t t F t t trace F t

T

T
( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
= −

+
1

φ φ

η φ φ

η(t) is a normalisation factor which is explained in the next paragraph.

The shape of the adaptation gain F(t), which can be influenced by f0, f(0) and F(0)
during the initialisation, and later by ft and the trace threshold, is a trade-off between
tracking ability and noise sensitivity. A high adaptation gain means that the algorithm
is alert in tracking parameter changes, but at the same time sensitive to disturbances
in the data, since the latter are falsely interpreted as signs of parameter changes.

3.6 Normalisation
One mechanism proposed to deal with underinformative data at high signal values is
normalisation [Bit90, Pra90]. The key idea is to replace the error signal and the
regressor in RLS by derived quantities which are guaranteed bounded by dividing by
a normalisation signal constructed from past inputs and outputs.

The normalisation factor η(t) is initialised as follows [M’Saad94c]:

η(t) = σ η(t-1) + (1 - σ) Max([φ(t)Tφ(t)], η0), 0 ≤ σ < 1;    0 < η0;     η(0) < ∞

with the normalisation dynamics parameter σ and the normalisation threshold η0.

The regressor becomes then

φ φ
η

( )
( )
( )

t
t
t

= ,

and the system output 

y t
y t

t
( )

( )
( )

=
η

.
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Notice that the above normalisation factor is the norm of the input-output data
passed through a first order filter 1

1 1− −σ z
. The normalisation dynamics parameter σ

should be chosen so that the unmodelled dynamics modes are outside the normali-
sation filter bandwidth specified via the polynomial 1 - σ z-1. For instance one can
choose σ as follows:

P(q-1) = 0 in |q| < σ

where P(q-1) is the characteristic polynomial of the closed-loop. This means, σ
should be chosen like the largest distance between closed-loop poles and origin.

A reasonable default value for the normalisation threshold η0 seems to be 1, since
then the normalisation only influences the adaptation for high signal values, other-
wise η(t) is 1.

The equations for the recursive least squares algorithm in equation (3.2.8) and
(3.5.1) change as follows:

[ ]$( ) $( )
( ) ( )

( ) ( ) ( ) ( )
( ) $( ) ( )θ θ φ

η φ φ
θ φt t

F t t
t t F t t

y t t tT
T= − + − −

+ − − −
− − −1

1 1
1 1 1

1 1 (3.6.1)

F t
f t

F t
F t t t F t

t t F t t
R tT( )

( )
( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )= − − − − − −
+ − − −









 +1

1
1 1 1 1

1 1 1
φ φ

η φ φ
(3.6.2)

3.7 Adaptation Freezing
Another algorithm modification to cope with similar problems is the adaptation
freezing. This allows to reject those errors which are too small. Such errors could
arise due to normalisation with very large signals or, equally, if the system is not
persistently excited [Bit90 , Cla85].

A system is said to be persistently excited if

αΙ φ φ βΙ≤ ≤
=

+ + −

∑ ( ) ( )i i T

i k

k m n 1

, for all k (3.7.1)

If the matrix φ φ( ) ( )i i T

i k

k m n

=

+ + −

∑
1

 should remain above a lower bound αΙ, then the regressor

φ(t) must have a certain character which insures that this matrix will have only posi-
tive eigenvalues. This idea was already explained in chapter 3.5, where the ele-
ments di(t) of the diagonal matrix D(t) and thus the eigenvalues λi(t) of F(t) were
maintained above a specified threshold d0.

Therefore the normalised minimum eigenvalue λmin of φ φ( ) ( )i i T

i k

k m n

=

+ + −

∑
1

 is a quantifier for

a persistently excited system:
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ζ
λ φ φ

φ φ
( )

min ( ) ( )

( ) ( )
t

i i

i i

T

i k

k m n

T

i k

k m n=
− −









− −

=

+ +

=

+ +

∑

∑

1 1

1 1
(3.7.2)

This method has been approximated by a faster technique: instead of equation
(3.7.2) the following information measure σ(t) is used for the incoming and past in-
formation likelihood:

σ φ φ
η

( )
( ) ( ) ( )

( )
t

t F t t
t

T

= − − −1 1 1

The calculation requirements are almost negligible, it is basically a by-product of the
estimation algorithm. This quantifier has the unique property, that it measures just
the new information content in the signal. Not the real excitation is measured, σ(t)
measures how much the information in the recent regressors differs from that in the
past regressors. This explains why σ(t) even diminishes when the system is excited
persistently, but with a period sequence: after a while the new data looks like the old
data and there is no new information which can improve the estimation. Therefore
the estimator may be turned off. [Cla85].

An introduced switching sequence s(t) allows to freeze the parameter adaptation
when the available information is not likely to improve the parameter estimation
process. More precisely, when the information measure σ(t) is smaller than a certain
pre-specified information threshold σ0 over a given observation horizon, the incoming
information will no longer improve the estimation process. This is illustrated in the
following:

{ }

{ }s t

if s t and
t F t t

t
during t t t bfa

if s t and
t F t t

t
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s t else

T

T
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( )
( ) ( ) ( )

( )
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− = − − − < = − −

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



0 1 1
1 1 1

1

1 1 0
1 1 1

1

1

0

0

φ φ
η

σ

φ φ
η

σ

L

L

where bfa and bra are pre-specified checking time intervals, which entail a hystere-
sis characteristic of the switching sequence [M’Saad94c].

Now the final identification algorithm has been obtained:

( )
$( ) $( ) ( )

( ) ( ) ( ) ( ) $( )

( ) ( ) ( ) ( )
θ θ

θ

η
t t s t

F t t y t t t

t t F t t

T

T= − +
− − − − −

+ − − −
1

1 1 1 1

1 1 1

Φ Φ

Φ Φ
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F t
f t

F t s t
F t t t F t

t t F t t
s t R t

T

T( )
( )

( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( )= − + − − − −
+ − − −




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


 +1

1
1 1 1 1

1 1 1
Φ Φ
Φ Φη

3.8 Incorporation of Prior Knowledge
The estimation result can be improved if any prior knowledge concerning the model
structure or the estimated parameters is incorporated into the identification method.
This leads to superior rates of convergence for the prediction errors and parameters
[Mid90].

If the model is described by

y(t) = φ(t-1)T θ

with

[ ]$ , , , , , ,θ θ θ θ θ θ= +1 2 1L Lm m n

and if θ1, θ2, ..., θm are known, then we can define

y t y t ii i
i

m

( ) ( ) ( )= − −
=
∑φ θ1

1

The estimation is now based on

y t t T( ) ( )= −φ θ1

with

φ = [φm+1, ..., φn]
T

and

θ = [θm+1, ..., θn]
T

where the dimensionality of the problem has been reduced by m. A typical situation
is the presence of one or several integrators in the plant model.
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4 Experiment Design and Off-line Identification
Results
Since for the presented control design a simple linear model of the vehicle is
needed, the complex, non-linear vehicle model, which was explained in chapter 2,
has been identified over the operating domain. This identification procedure pro-
vides an insight into the possible variations of the vehicle dynamics, with a set of
identified models, one model for each operating condition. Finally one of these
identified models (the nominal model) has been selected to design the robust con-
troller.

In the following chapter the practical aspects of the identification procedure, consid-
ered for the identification of the vehicle model, are discussed. This includes the se-
lection of an appropriate input signal, the determination of the sampling period, and
the choice of the model structure. Various validation procedures are explained and
identification results are presented.

4.1 Identification of Vehicle Dynamics
The purpose of the steering controller is to manipulate the steering angle so that the
sensor displacement, or lateral displacement from the guideline, remains small.
Therefore a transfer function is needed which relates the sensor displacement yS to
the steering angle δ. This steering angle is used as input data for the identification.
Figure 4.1 shows the variables of interest.

ay
S

y
CG

y
S

x

y

ψ

δ
lS

CG

ay'

ax

ax'

Figure 4.1: Vehicle and pertinent variables

Measurable output signals which are commonly used for identification of vehicle
dynamics are the lateral acceleration and the yaw rate. In this approach the lateral
acceleration of the vehicle’s front end ′a ty( )  is used as output data for the identifi-

cation. This value represents an easily measurable signal since it can be measured
by a simple acceleration sensor, furthermore, it is directly related to the second
derivative of the sensor displacement && ( )y tS : if the yaw angle ψ(t) remains small dur-
ing test measurements, i.e., if the vehicle follows approximately the straight path,
then the lateral acceleration at the front end ′a ty( )  is approximately equal to && ( )y tS .
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Therefore the identification procedure provides a transfer function which relates the
second derivative of the sensor displacement && ( )y tS  to the steering angle δ(t). Multi-
plying this transfer function by a double integrator gives the transfer function which
can then be used as control model.

The second derivative of the sensor displacement && ( )y tS  has been obtained in the
vehicle simulator using the lateral acceleration of the vehicle ay(t) and the second
derivative of the yaw angle &&( )ψ t , as follows:

( ) ( ) ( ) ( )( ) ( ) ( )&& ( )cos ( ) && cos( ( )) &&y t a t t a t l t t a t l tS y y s y S= ′ = + ≈ +ψ ψ ψ ψ (4.1.1)

where lS denotes the distance between the centre of gravity and the sensor position.

Equation (4.1.1) is valid for a straight path which has been considered for all identifi-
cation experiments. The assumed approximation holds if the vehicle follows
approximately a straight path, which is fulfilled since a offset-free binary random
sequence is used.

Figure 4.2 shows for one particular driving condition the driven path. This driving
condition corresponds to a velocity of 30m/s on a dry road with an average mass and
will further be called nominal condition. Figure 4.2 explains, why the second deriva-
tive of the sensor displacement && ( )y tS  is used as identified value instead of the sen-
sor displacement yS(t): if the proposed steering system is implemented into a test
vehicle, it is very difficult to measure sensor displacements of more than approxi-
mately 20 cm.
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Figure 4.2: Driven path during identification measurements

Figure 4.3 shows the steering angle δ(t) at the wheels as the input signal, the identi-
fied value ′a ty( )  and the yaw angle ψ(t). The latter justifies that the approximation,

assumed in equation (4.1.1), is satisfied: the values remain always smaller than 5
degrees.
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Figure 4.3: Identification input and output signals and yaw angle

For the proposed system, the sensor requirements for identification purpose is a
single accelerometer to measure the lateral acceleration ay(t) at the front end of the
vehicle.

4.2 Input Signal Shape
A variety of input signals is possible for estimation purpose, e.g. impulse, step, sine,
etc., however pseudorandom binary signals (PRBS) are particularly useful due to the
highest power spectral density for limited signal amplitudes [Kro91, Iser92].

For PRBS, the following guidelines have to be considered:

• The steeper the slopes of the input signal, the more high frequencies are in-
duced.

• The level of the binary input sequence should be as large as possible, without
exceeding the linear region of the plant.

The levels of the offset-free binary random sequences, used to identify the vehicle
dynamics, are determined so, that the maximum values of the lateral acceleration
ay, max do not exceed approximately 2 2

m
s

 on a dry road. For this acceleration value the

vehicle dynamics are assumed to be describable by linear models [Mit90]. For wet
conditions and on snow roads the levels of the input sequences are reduced accord-
ingly.

• The longer the minimal time interval between two slopes, the more low fre-
quencies are induced and the better is the estimation of the static gain of the
linear model.

The focus in the identification is on the frequency region below approximately 5 Hz
and on the static value of the estimated transfer function. This is due to the fact that
the steering commands of an average driver contain frequencies between 0 and 1.5
Hz [Mit90], assuming that the actuator capabilities exceed these of an average
driver. The minimum time interval between two signal slopes are chosen accordingly.
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Figure 4.4 shows the lateral acceleration of the vehicle ay(t), again for the nominal
condition, i.e. a velocity of 30 m/s on a dry road with an average mass. The corre-
sponding steering angle at the wheels has already been shown in figure 4.3.
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Figure 4.4: Lateral acceleration of the vehicle ay(t) during identification
measurements

4.3 Selection of Sampling Period and Filter Frequencies
The selection of the sampling period is of fundamental importance for implementa-
tion purpose since most digital controllers only work well if the sampling period is
chosen appropriately [Cla87, Ljung87, Iser92, Kro91]. Various aspects have to be
kept in mind. In case of very large sampling periods the precision of the obtained
model will decrease and the ability to describe the dynamic behaviour of the plant
will be poor. Unnecessarily high sampling on the other hand makes the implementa-
tion complex and expensive since the hardware requirements will increase, in addi-
tion the variance of the data set and the sensibility to measurement noise will
increase; moreover numerical problems occur since the model poles are shifted
close to 1. Thus the selection of the sampling period will be a trade-off between
noise reduction and relevance for the dynamics.

Since the obtained model will be used for control purpose, the sampling period for
which the estimated model is built, should be the same as for the control application.
In case of the automatic steering problem a high sampled system will detect an
entered curve earlier. A very fast sampled model on the other hand will often be non-
minimum in phase [Ljung87, Åst84] and a system with dead time has to be modelled
with delay of many sampling periods which may cause problems for the control
design.

The following guidelines are given [Åst84, Cla87, Kro91, Lan88, Ljung87]:

• The sampling frequency should be chosen in accordance with the desired
bandwidth of the closed loop. Values between 6 and 25 times the bandwidth
of the closed loop are appropriate, a sampling frequency that is about ten
times the bandwidth of the system should be a good choice in most cases.

• If the settling time of the plant is considered, appropriate values for the sam-
pling period are approximately 1/5 to 1/15 of the settling-time of the plant.

• Aström and Wittenmark [Åst84] consider the settling time of the closed-loop
system and recommend a sampling period which is 10-20 times smaller than
the settling time of the closed-loop system.
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The desired bandwidth of the closed loop is chosen to 5 Hz (see chapter 4.1), the
settling time of the closed-loop system (consider figure 6.6) is between 3 sec (30 m/s
on dry road) and 15 sec (5 m/s on dry road), the settling time of the plant is between
0.5 sec and 1.5 sec (see figure 4.4). Therefore a sampling period of 10 ms seems to
be high, but reasonable, it was also used in previous studies [Gul94, Peng90].
Notice that in the trade-off between noise reduction and relevance of the dynamics,
the latter was emphasised in order to obtain a good tracking performance.

Data filtering is of fundamental importance for system identification. The purpose is
to eliminate high and low frequency disturbances. Due to the sampling of the signals
an analogue low pass pre-sampling filter is required to avoid aliasing effects [Iser92].
The cut-off frequency is set to values smaller than the Nyquist frequency.

Of special importance are low frequency disturbances, e.g. drift signals and offsets,
possibly of periodic character, since they can considerably deteriorate the estimation
results. The approach, which gives in general the best results in eliminating these
disturbances, consists in filtering the very low frequencies using a digital high pass
filter. Notice that the cut-off frequency should be below the smallest frequency
induced by the binary random sequence used to excite the system. Notice also, that
the plant input and the plant output signals have to be filtered in the same way
before they are used in the estimator, in order not to falsify the transfer function to be
estimated.

For the identification of the vehicle dynamics a digital band pass filter is used, the
low and high cut-off frequencies are chosen to flow = 0.0005 Hz and fhigh = 25 Hz.

4.4 Selection of Model Structure
After the measured signals, as data for the identification algorithm, have been
obtained, the next step is to select the model structure and model order. The choice
of an appropriate model structure is most crucial for a successful identification appli-
cation. This choice must be based both on insights and knowledge about the system
to be identified, on an understanding of the identification procedure, and on the col-
lected data set [Ljung87].

4.4.1 Physical Insights
Physical insight will often tell which range of model order and time delay should be
considered, nevertheless, it will be an iterative procedure to answer the question
‘which is the simplest model which represents the behaviour of the plant good
enough?’.

In order to get a general knowledge about the complexity of the physical model, the
physical transfer function between sensor displacement and steering wheel using
the classical single-track model is derived.

As already shown, the second derivative of the sensor displacement can be calcu-
lated as follows:

( ) ( ) ( )&& &&y t a t l tS y S≈ + ψ
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The pulse transfer function which relates ( )&&y tS  to the steering angle δ is therefore
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with

Tz1 = lH / v,
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Tz3 = (m v lv) / (cαH l), and

&ψ
δ

δ





 =

+








Stat

Ch

l
v

v
v

1

1
2

lH, lV, and l denote the distance between centre of gravity and rear axle, between
centre of gravity and front axle, and between front and rear axle, respectively. Jz, v,
and vChδ represent the moment of inertia of the vehicle around the vertical axis, the
velocity of the vehicle, and the characteristic velocity of the vehicle. The latter is a
function of the cornering stiffness of the front and the rear wheels cαH and cαV, of lH,
lV, and l, and of the vehicle mass m:
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The decay factor σf and the undamped natural angular frequency ν of the character-
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Of particular importance is that the combination of equation (4.4.1) and equation
(4.4.2) leads to a model of second order, as shown below:
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Furthermore, by considering the parameters of equations (4.4.1) and (4.4.2) it can
already be assumed, that the variation of the velocity will have the major impact on
the vehicle dynamics.

4.4.2 Preliminary Data Analysis
Besides the physical insights in the plant, an analysis of the experimental frequency
response can give valuable information about the resonance peaks and the high-
frequency roll-off and phase shift. This gives additional hints as to what model
orders will be required to give an adequate description of the dynamics of the plant.

The experimental frequency response of the vehicle is determined using an appro-

priate FFT procedure, i.e. G j
FFT y t
FFT u t

( )
{ ( )}
{ ( )}

ω = . In figure 4.5 the experimental frequency

responses for various vehicle speeds and an average mass on a dry road are
shown.
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Figure 4.5: Experimental frequency responses for various vehicle speeds
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The roll-off of -20 dB indicates a model of at least 2nd order, however it is obvious,
that due to an additional low-frequency mode which occurs for velocities above 20
m/s, models of at least 3rd order will be required to describe the dynamics of the
vehicle for these higher speeds.

4.4.3 Physical Interpretation
In this chapter, a physical interpretation for the appearance of an additional mode
above a certain velocity, which was observed in the previous chapter, is derived.
This interpretation is equivalent to the question, why the single-track model, which
gives a transfer function of 2nd order, cannot describe the dynamics of the test vehi-
cle satisfactorily. Therefore the simplifications, assumed for the single-track model,
are recalled in the following.

• The centre of gravity is assumed to be on road level. This assumption
neglects an influence of a centrifugal force on the wheel loads between inner
and outer wheels during cornering.

• The roll motion of the vehicle is neglected. Doing so, and with the first
assumption, the two wheels of one axle can be considered as one wheel
(single-track model).

• The wheel characteristics are linearized, i.e. the side force of a wheel is a
product of the cornering stiffness and the wheel slip angle.

• Longitudinal wheel forces are neglected.

• The velocity is assumed to be constant.

• The influence of aerodynamic side forces is neglected.

The latter assumption usually holds for velocities below 30 m/s. At higher speeds,
even without side wind, aerodynamic side forces have to be considered. Due to the
vehicle slip angle, air drag occurs not only on the front, but also on the side face of

the vehicle which changes the characteristic equation of the vehicle 1
2 1

2 2
2+ +σ

ν ν
f s s ,

i.e. the decay factor σf and the undamped natural angular frequency ν.

As shown in chapter 4.4.2 at least some of the mentioned simplifications don’t hold
for velocities above 20 m/s for the vehicle simulation model of the considered
BMW520i.

4.5 Model Validation
Once a model structure has been chosen, the identification procedure provides a
particular model in this structure. This model may be the best available one, but the
crucial question is whether it is good enough for the intended purpose. Testing if a
given model is appropriate is known as model validation. It is worth to point out, that
the selection of the model structure and the model validation are carried out in paral-
lel and iteratively. Once the selected model has been validated, one investigates if a
model of reduced order can also meet the given requirements.



4. Experiment Design and Off-line Identification Results                                                                    28

Various validation techniques, in the time and frequency domain, will be described in
this chapter.

4.5.1 Prediction Error Consideration
Before the identification procedure is started, besides the model structure, the
design parameters for the estimation algorithm have to be selected. As described in
chapter 3, in case of an off-line identification these parameters are basically the time
constant f0 and the initial value f(0) of the forgetting factor sequence, and the initial
adaptation gain F(0).

Since for the least squares algorithm the quadratic criterion

[ ]J t t
i

t

($, ) ( )θ ε=
=
∑ 2

1

is to be minimised (see equation (3.1.4)), this cost function can be considered in
order to select the best estimation parameters f0, f(0), and F(0). This will be an itera-
tive procedure, adapting the initial values of $( )θ t = 0  rapidly to the true values, with-
out neglecting the influence of later measurement values on the estimation result
(see chapter 3.3).

Notice, that this procedure is carried out in order to extract the best available model
values for the selected model structure. The question, if this model structure and the
obtained model values can satisfy the expected correspondence with the true plant
will be examined in the following paragraphs.

4.5.2 Spectrum Analysis
In chapter 4.4.2 an experimental frequency response was considered for preliminary
data analysis. Such a frequency response can now be used as a reference in order
to validate the identified model in the frequency domain. A good correspondence
between the identified model and the real plant will entail a good correspondence
between the frequency response of the identified model and the experimental fre-
quency response. The validation result for a second and a third order model for the
nominal condition is shown in figure 4.6.

Notice that the crucial question is to select the simplest model which is good
enough. If the model order can be reduced without affecting the input-output proper-
ties very much, then the original model was unnecessarily complex [Ljung87]. How-
ever, for the nominal condition a reduction of the model order from 3rd to 2nd order is
not acceptable as it can be seen in figure 4.6.
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Figure 4.6: Validation result in the frequency domain for a 2nd and a 3rd order model
for the nominal condition

4.5.3 Pole-Zero Cancellations
An identified model which is of higher order than the plant will contain additional
poles and zeros which can be cancelled. This property can be used to determine the
model order. Figure 4.7 shows the poles (crosses) and zeros (circles) of a 3rd order
model which corresponds to a condition at a velocity of 15 m/s on a wet road with an
average mass. Considering figure 4.5 it can be assumed, that for this velocity a 2nd

order model should be sufficient. This expectation is confirmed which can be seen in
the pole-zero cancellation in figure 4.7. Notice also the badly damped model poles,
which complicate the controller design. In addition to these badly damped poles, two
poles on the unit circle are later added, in order to obtain the control model (see
chapter 4.1).
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4.5.4 Simulation
An obvious validation method is to compare the output signal of the estimated model
with the measured output of the plant in the time domain. Figure 4.8 shows the vali-
dation result for the nominal condition and a 3rd order model. The PRBS input
sequence and the plant output for this identification experiment were already shown
in figure 4.3, now this output signal is compared with the output of the estimated
model. This validation method becomes particularly interesting if the output of the
estimated model is compared with the plant output using a different data set of the
same condition (cross-validation).
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Figure 4.8: Measured plant output (solid) in comparison to output of identified model
(dashed)
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4.5.5 Residuals
The Least Squares Estimation method is based on the assumption that the noise is
Gaussian. This assumption can be verified by evaluating properties of the resulting
prediction errors.

A linear model can be described by

y(t) = φ(t-1)T θ + x(t)

where for LS methods, x(t) is assumed to be white noise.

If the estimated model is described by

$( ) ( ) $y t t T= −φ θ1

then the prediction errors (residuals, or “leftovers”) become

ε φ θ( ) ( ) ( ) $t y t t T= − − 1

which has to be white noise if the model structure is chosen correctly, if the identifi-
cation method is appropriate for the chosen model structure, and if the noise is
white.

The typical whiteness test is to determine the covariance estimate

$ ( ) ( ) ( )R i
N

t t i
t

N

= −
=

∑1

1

ε ε

where N is the number of sampled data points.

For practical purpose one considers a normalised value

$ ( )
$ ( )
$ ( )

R i
R i

R
N =

0
, i = 1, 2, ..., nA, ...

which is in case of perfect white noise

$ ( )RN 0 1= ; $ ( )RN 1 0= , for i ≥ 1

In practice a model can be considered to be valid if the following criterion holds
[Lan88]:

$ ( )RN 0 1= ; $ ( ) . .R iN ≤ 015 017L

4.6 Identification Results
As already mentioned, the dynamics of the vehicle have been identified over a
domain of operating conditions. Variations in velocity, road tire contact and vehicle
mass were considered. The velocity varied between 5 m/s (18 km/h) and 30 m/s (108
km/h), the considered variations in mass correspond to a vehicle loaded only with
the driver, up to a vehicle loaded with 5 persons and an additional load of 100 kg,
the considered road-tire contact characteristics were conditions on dry, wet and
snow road. As a matter of fact, the maximum speed needs to be adapted to the road
condition, therefore the considered top speed on snow was 18 m/s (65 km/h).
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The identified models show that the crucial variations are those of the velocity and
road-tire contact. This was already assumed in chapter 4.4.1. The dynamics of the
vehicle are not very sensitive to variations in mass, which was already observed by
previous studies [Ram95]. Throughout the following experimental evaluation, an
average mass corresponding to the mass of the vehicle loaded with the driver and
one passenger has been considered. Therefore a two-dimensional operating domain
is considered, shown in figure 4.9.

snow

wet

dry

5 10 15 20 25 30 velocity (m/s)

friction coefficient

Figure 4.9: Operating domain

As already mentioned, above a velocity of approximately 20 m/s an additional low-
frequency mode appears which requires a model of 3rd order for these conditions. 2nd

order models are used to approximate conditions of a velocity of 20 m/s or less.

The Bode plots of the identified models obtained for various velocities on a dry road
are shown in figure 4.10. The considerable changes of the plant behaviour, depend-
ent on the velocity, can be seen. For high velocities (30 m/s) an additional mode
occurs, for low speed (5 m/s) a shift of the main mode can be observed. The static
gain varies between 20 and 47 dB. The considerable changes of the phase give an
additional hint on the required robustness of the designed controller.

Figure 4.11 shows the Bode plots of the models for a constant speed of 15 m/s on a
dry, a wet and on snow road. The fact that with some care even a novice driver can
handle a vehicle on a wet road can be explained with the relatively small differences
in the frequency responses between a dry and a wet road. However the differing fre-
quency response on a snow road confirms the particularity of vehicle handling on
snow.

This identification procedure provides a set of pulse transfer functions corresponding
to the many different operating conditions. For control purpose one transfer function
has to be selected for which a robust controller is developed. This selection is
described in chapter 6.4.2. The robustness of this controller is finally investigated in
the complex, non-linear vehicle simulator for all considered operating conditions.
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5 Design of Insensitive Control Systems
This chapter contains background information about expressions and notions which
are commonly used in the analysis and design of insensitive control systems.

In the discussion of control systems usually a distinction is made between two kinds
of adverse effects: disturbances and perturbations [Kwa85]. Disturbance is an exter-
nal signal that influences the plant and whose behaviour cannot be controlled. In the
formulation of the control problem of automatic steering the radius of the road is
considered as disturbance. Perturbation is a transient or permanent change in the
dynamic and/or static properties of the plant. In automatic steering, the variations in
velocity, road condition and mass are considered as perturbations.

The primary task in the design of robust control systems is to ensure stability for all
possible perturbations. This property is called stability robustness. Performance
robustness presumes stability robustness and indicates that certain performance
specifications are not violated under all possible perturbations.

These performance specifications and the robustness performance of a control sys-
tem are usually expressed and quantified using robustness margins and sensitivity
functions, which is explained in the following.

5.1 Sensitivity Functions
The sensitivity functions play a crucial role in the robustness analysis of the closed
loop system with respect to modelling errors. These functions are “shaped” in order
to assure “nominal performances” for the rejection of the disturbances of the closed
loop system in presence of plant perturbations [Lan94]. They are used as suitable
quantifiers for both nominal performance and stability robustness [Lim95, Zho95].

Usually four sensitivity functions are considered. The most important one is called
output sensitivity function S(z-1), in the literature it is often simply called the
“sensitivity function”. It determines how the output disturbance py(t) is transmitted to
the control system output y(t). It can be derived considering the following control
system:

+

-

y(t)u(t)r(t)
C P

py(t)pu(t)

by(t)

bu(t)

+ + +

+

+ + +

+

Figure 5.1: Closed loop system with disturbances and measurement noises

r(t) and u(t) denote respectively the reference sequence and the plant input, C(z-1)
and P(z-1) represent the controller and the plant transfer functions. pu(t) and py(t) are
input and output disturbances and bu(t) and by(t) are input and output noise meas-
urements.
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For the automatic steering problem the reference sequence r(t) is zero (if no lane
change is considered), the input u(t) represents the steering angle at the wheels
which is manipulated to track the guideline, y(t) denotes the output of the plant which
is the tracking error between sensor and guideline, the input disturbances pu(t) and
input noise measurements bu(t) could be detrimental influences of the steering
actuator on the steering angle. The influence of a curved road on the sensor dis-
placement is considered as output disturbance py(t), the output noise measurement
by(t) takes the influence of a noisy displacement sensor signal into account.

Since the sensitivity function S(z-1) determines how the output disturbance py(t) is
transmitted to the control system output y(t), the transfer function is given by

S
C

( )
( ) ( )

z
P z z L

−
− −=

+
=

+
1

1 1

1
1

1
1

(5.1.1)

This transfer function explains why classical design techniques concentrate on
making the loop gain L = PC large. A large loop gain L will result in a small sensitivity
function S(z-1), i.e. output disturbances are well damped, however, this will also lead
to very unstable systems, and moreover, large loop gains may result in unacceptably
large sensitivity to measurement noise [Kwa85], which will be explained later.

However, having S(z-1) small reduces the closed loop sensitivity to disturbances and
plant variations. This motivates the minimisation of the peak value ||S(z-1)||∞ of the
sensitivity function, as it is considered in the H∞ approach. Nevertheless, the minimi-
sation of the maximum peak value ||S(z-1)||∞ as it stands is not a useful design tool, it
does not show how small S(z-1) is at low frequencies, which is of paramount impor-
tance for the control system. This indicates that a sensitivity function shaping proce-
dure is required. A typical shape of the sensitivity function is shown in the figure 5.2,
where also the peak value ||S(z-1)||∞ is indicated. Ts denotes the sampling period of
the system.

| S |
dB

|| S ||
∞

frequency

Ts
2

ab

Figure 5.2: Typical shape of the output sensitivity function

The gain of the sensitivity function can be interpreted as the amplification or at-
tenuation factor of the output disturbances. At frequencies where the gain of S(z-1) is
smaller that 1 (< 0 dB) the disturbances are attenuated. This attenuation is desired,
but it cannot be obtained over all frequencies since for discrete systems which are
open loop stable, the integral of the sensitivity function as it is shown in figure 5.2 is
equal to zero [Sun88]. Therefore the sensitivity function is shaped in order to keep it
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small in an important frequency range, and to allow larger values where the attenua-
tion is less important.

For the sensitivity shaping procedure the following guidelines are given:

• in the low frequency region an attenuation of disturbances is of particular im-
portance. The upper limit of this attenuated frequency region, which is called
attenuation bandwidth ab and which is also shown in figure 5.2, should be as
large as possible.

• The maximum value of the sensitivity function should not exceed 6 dB,

• an amplification of disturbances at higher frequencies than the bandwidth of
the closed-loop is generally allowed, except in specific applications where it
can be useful to locally attenuate one or more specific frequencies.

• An amplification at high frequencies, i.e. close to the sampling frequency,
needs to be avoided.

The complementary sensitivity function T(z-1) or noise sensitivity function character-
ises the sensitivity to measurement noise. Its transfer function is

T
C

C
( )

( ) ( )
( ) ( )

z
P z z

P z z
−

− −

− −=
+

1
1 1

1 11

Having T(z-1) small reduces the closed loop sensitivity to measurement errors. The
appellation “complementary sensitivity function” is motivated by the fact that

S + T = 1,

which shows, that both sensitivity functions cannot be simultaneously small. A com-
promise between sensitivity to measurement noise and sensitivity to output distur-
bances has to be achieved.

Beside the sensitivity function S and the complementary sensitivity function T, two
further transfer functions should be considered: the product of the plant P by the
sensitivity function S represents the transfer function between the input disturbances
pu(t) and the output y(t), the product of the compensator C and the sensitivity func-
tion S describes the influence of the output disturbance py(t) and output measure-
ment noise by(t) on the input. The latter transfer function is often denoted by U.

For good performance robustness, all these sensitivity functions should be kept
small in appropriate frequency ranges since they emphasise the effects of the output
and input disturbances and measurement noises on the input-output behaviour of
the closed loop system. This is illustrated in figure 5.3 and figure 5.4.
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Figure 5.3: Nominal output performance
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Figure 5.4: Nominal input performance

5.2 Robustness Margins
In the present work four indicators are used to express the robustness of the design
in terms of the minimal distance with respect to the critical point [-1, j0] in the Nyquist
plane. These indicators are the commonly used gain and phase margins ∆G and ∆φ,
as well as the modulus margin ∆M and the delay margin ∆τ. Figure 5.5 shows the
margins in the Nyquist plane.
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Figure 5.5: Nyquist plane with robustness margins

Gain margin ∆∆G and phase margin ∆∆φφ

The gain and phase margins indicate the stability margins in the Nyquist plane as it
can be seen in figure 5.5. They are commonly used in analysis of robust control
systems, however, they describe the distance between Nyquist curve and the critical
point [-1; j0] just for two particular directions. Thus they represent indicators which
are only valid for the proximity of the critical point.

Therefore in the following the modulus margin is considered, which describes the
minimum distance between Nyquist curve and the critical point over all frequencies.

Modulus Margin ∆∆M

The modulus margin is the minimal distance between the critical point [-1; j0] and the
Nyquist plot of the open loop transfer function HOL(z

-1) = C(z-1) P(z-1), where C(z-1)
and P(z-1) denote the transfer functions of the controller and the plant model as
shown in figure 5.1. This can be written as

∆M = |1+HOL(e
-jω)|min = |S-1(e-jω)|min = 1 / || S ||∞ = (| S(e-jω) |max)

-1

This shows the relation between the sensitivity function of the closed loop S(z-1) and
the modulus margin ∆M. It implies that a reduction of |S(e-jω)|max will increase the
modulus margin. Since |S(e-jω)|max is nothing but the H∞ norm of the output sensitivity
function, the modulus margin directly corresponds to the H∞ norm. Minimisation of
the H∞ norm of S(e-jω) will maximise the modulus margin.

To obtain the modulus margin it is therefore sufficient to simply plot the frequency
characteristics of the modulus (gain) of the sensitivity function in dB. In this case:

∆M dB = (|S(e-jω)|max)
-1 dB = - |S(e-jω)|max dB

Delay margin ( ∆∆ττ)

The delay margin is the maximal additional delay which will be tolerated in the open
loop system without causing the instability of the closed loop system. Thus, it con-
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tains additional information which is not expressed in the modulus margin. It is de-
fined as

∆τ = min
i

i

CRi

∆φ
ω













where ωcr denotes the cross-over frequency. The index i indicates the case when the
Nyquist curve intersects the unit circle at several cross-over frequencies ωCRi

.

Typical values of the robustness margins for a “robust” controller design are:

• Modulus margin: ∆M ≥ 0.5 (-6 dB),

• Delay margin: ∆τ ≥ Ts where Ts denotes the sampling period,

• Gain margin: ∆G ≥ 2 (6 dB),

• Phase margin: 30° ≤ ∆φ ≤ 60°.

Notice, that the robustness margins can not replace the analysis of the sensitivity
functions, since the latter provide information concerning system performance at
each frequency point.

5.3 Stability Robustness
Control systems are designed using mathematical models that are only approxima-
tions of a real plant. The modelling of a physical system is therefore only complete
when the modelling errors have been quantified. This can be done in terms of
bounds or probability distributions of some type.

The input-output behaviour of a plant is described by a nominal model Pn(z
-1) and its

uncertainty ∆(z-1). This plant-model mismatch may be represented in several ways,
in dependence of the a priori knowledge about the plant and the main control design
features.

The direct additive form is shown in figure 5.6.

+

+

+
-R(z-1) P

-1)(zn

∆(z
-1
)

e(t) s(t)

Figure 5.6: Direct additive form



5. Design of Insensitive Control Systems                                                                                            40

For this form the plant can be described by

P(z-1) = Pn(z
-1) + ∆(z-1)

and e(t) can be described by

e(z-1) = -R(z-1) [Pn(z
-1) e(z-1) + s(z-1)]

= -[1 + R(z-1) Pn(z
-1)]-1 R(z-1) s(z-1)

= -R(z-1) S(z-1) s(z-1)

For the inverse additive form, shown in figure 5.7, the plant becomes

P(z-1) = [1 + Pn(z
-1) ∆(z-1)]-1 Pn(z

-1)

and

e(z-1) = Pn(z
-1) [-R(z-1) e(z-1) - s(z-1)]

= -[1 + R(z-1) Pn(z
-1)]-1 Pn(z

-1) s(z-1)

= -S(z-1) Pn(z
-1) s(z-1)

+

+

+
-R (z-1) P

-1)(zn

∆(z
-1
)

e(t)s(t)

Figure 5.7: Inverse additive form

The additive forms are generally used to represent modelling errors which are inde-
pendent of the frequency band.

The model error may also be represented in the direct multiplicative form:

A.) at the plant input:

+

+

+
-R(z-1) P

-1)(zn

∆(z
-1
)

e(t) s(t)

Figure 5.8: Direct multiplicative form at the plant input
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B.) at the plant output:

+

+

+
-R (z-1) P

-1)(zn

e(t) s(t)
∆(z

-1
)

Figure 5.9: Direct multiplicative form at the plant output

For both forms the plant becomes

P(z-1) = [1 + ∆(z-1)] Pn(z
-1)

and

e(z-1) = -R(z-1) Pn(z
-1) [e(z-1) + s(z-1)]

= -[1 + R(z-1) Pn(z
-1)]-1 R(z-1) Pn(z

-1) s(z-1)

= -T(z-1) s(z-1)

The direct multiplicative forms are more appropriate to represent the modelling
errors involved in the actuators or the sensors.

The model error for the inverse multiplicative form can be expressed for

A.) at the plant input:

+

+

+
-R(z-1) P

-1)(zn

e(t)s(t)
−∆(z

-1
)

Figure 5.10: Inverse multiplicative form at the plant input

B.) at the plant output:
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Figure 5.11: Inverse multiplicative form at the plant output

the plant becomes

P(z-1) = [1 + ∆(z-1)]-1 Pn(z
-1)

and

e(z-1) = - s(z-1) - R(z-1) Pn(z
-1) e(z-1)

= - [1 + R(z-1) Pn(z
-1)]-1 s(z-1)

= - S(z-1) s(z-1)

The inverse multiplicative forms allow to deal with the parametric errors.

In the following the conditions for the stability robustness for the different uncertain-
ties are given. Therefore the previous block diagram are represented in a unified
form shown in figure 5.12.

-

e(t)s(t)
∆(z

-1
)

Σ(z
-1
)

Figure 5.12: Unified form for system uncertainty

By the small gain theory (see for instance [Des75]) a sufficient condition for the
closed-loop system of figure 5.12 to be stable is that the norm ||Σ(z-1) ⋅ ∆(z-1)|| of the
loop be less than 1 [Kwa93]. By the inequality

||Σ(z-1) ⋅ ∆(z-1)|| ≤ ||Σ(z-1)|| ⋅ ||∆(z-1)||

this is guaranteed if ||Σ(z-1)|| ⋅ ||∆(z-1)|| < 1. If the perturbation is characterised by
||∆(z-1)||∞ ≤ 1, which is simple yet very general, then the sufficient and necessary
condition for the perturbed system to be stable is

||Σ(z-1)||∞ < 1
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Table 5.1 gives the expressions of Σ(z-1) for the corresponding plant-model mismatch
representation [M’Saad96].

Plant-model Mismatch Representation Sensitivity Function Σ(z-1)

Direct additive form R(z-1) S(z-1)

Inverse additive form S(z-1) Pn(z
-1)

Direct multiplicative form T(z-1)

Inverse multiplicative form S(z-1)



6. The Generalized Predictive Control Design                                                                                    44

6 The Generalized Predictive Control Design
The design of a stable “general purpose” controller has been a challenging problem
over the previous decade, which has to cover a variety of process properties and
which has to be applicable to:

• a non-minimum-phase plant: most continuous-time transfer functions have
discrete-time zeros outside the unit circle when sampled at a fast enough
rate,

• an open-loop unstable plant or plant with badly-damped poles,

• a plant with variable or unknown dead-time,

• a plant with unknown order: pole-placement and LQG self-tuners perform
badly if the order of the plant is overestimated because of pole/zero cancella-
tions in the identified model, unless special precautions are taken.

The Generalized Predictive Control (GPC) is effective with plants which are non-
minimum-phase, open-loop unstable, with variable dead-time, and whose models are
overparameterized by the estimation scheme without special precautions being
taken [Cla87].

In the first paragraph (chapter 6.1) the predictive control law is derived, starting from
the Minimum Variance controller, which is considered as the origin of GPC. The
reader who is more interested in practical information can jump over chapter 6.1.1,
6.1.2 and 6.1.3, where the plant model and the noise model is described, and the
output prediction and its solution by recursion of the Diophantine equation is
explained. In chapter 6.1.4 the general structure of the obtained GPC controller is
shown.

In the second part (chapter 6.2) the choice of the GPC design parameters is
explained for the general case, in chapter 6.3 the application of GPC for automatic
steering is presented and the design parameters are given, in the last part (chapter
6.4) simulation results of the robust GPC controller are shown for several driving
conditions.

6.1 The Predictive Control Law
The roots of GPC can be found in the well-known Minimum Variance Controller,
where for a given linear input-output model the variance of the tracking error is
minimised:

( ){ }J E y t d r t dMV = + − +( ) ( )
2

y(t), r(t) and d denote, as usual, the system output, the reference sequence, and the
assumed value of the plant’s dead-time, respectively. In this approach a d-step-
ahead predictor is used. This control strategy suffers from the fact that is works only
for minimum phase systems, i.e. for systems with stable plant zeros.

The Generalized Minimum-Variance (GMV) approach proposed by Clarke and
Gawthrop in 1975 [Cla75] minimises the tracking error and a weighted control signal
u(t):
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( ){ }J E y t d r t d u tGMV = + − + +( ) ( ) ( )
2 2λ (6.1.1)

Further modifications consider a filtered control signal D(q-1) u(t)

( ) [ ]{ }J E y t d r t d D q u tGMV = + − + + −( ) ( ) ( ) ( )2 1 2
λ (6.1.2)

Selecting D(q-1) as the differencing operator 1 - q-1 ensures offset-free performance
in the case of step-like disturbances for plant models without an integrator. Notice
that in this case not the control signal u(t) is considered in the criterion, but the
incremental input D(q-1) u(t).

GMV showed to be very robust, but sensitive to varying dead-time unless λ is large,
which results in poor control performance. Therefore an additional extension was
made by Clarke, Mohtadi and Tuffs in 1987 when the following GPC criterion was
proposed:

[ ] [ ]J E y t j r t j D q u t jGPC
j

ch

j sh

ph

= + − + + + −








−

==
∑∑ ( ) ( ) ( ) ( )2 1 2

0

1λ (6.1.3)

with D(q-1) u(t+i) = 0 for i = ch, ..., ph-d-1.

This minimisation predicts the output error over a future observation horizon and
produces a future control sequence u(t+j) so that the predicted output of the process
y(t+j) is close to the desired process output r(t+j) and that after a given control hori-
zon ch no additional changes of the control sequence u(t+j) are needed. The obser-
vation horizons of the predicted output error are called starting prediction horizon or
simply starting horizon sh and prediction horizon or maximum output horizon ph.

This reveals the real power of the GPC approach: instead of allowing the future con-
trol outputs u(t) to be “free”, the control increments are assumed to be zero beyond
the control horizon ch < ph,

i.e. ∆u(t+i)=0, ch ≤ i < ph-d-1.

For example, if ch = 1 only one control change (i.e. ∆u(t)) is considered, after which
the controls u(t+i) are all taken to be equal to u(t). Notice that, of the produced con-
trol sequence u(t+j), 0 ≤ j ≤ ch - 1 only u(t) is actually applied. At time t+1 a new
minimisation problem is solved. This implementation is called Receding Horizon
Control. The criterion itself represents a finite horizon (N2) criterion.

The control law is carried out by the following steps, which are performed at each
sample-instant t:

1.) the future set-point sequence r(t+j) is calculated or, if it is not known in advance,
it is assumed to be constant and equal to the current set-point r(t),

2.) the prediction model of equation (6.1.13) is used to generate a set of predicted

outputs $y (t+j|t),

3.) an appropriate quadratic cost function of the future errors and controls is mini-
mised, assuming that after a specified control horizon further increments in control
are zero, to provide a suggested sequence of future controls u(t+j),
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4.) the first element u(t) of the control output is applied to the plant and the data
vectors are shifted so that the calculation can be repeated at the next sample
instant.

Finally, the basic key ideas of GPC are summed up:

• instead of a CARMA model, a CARIMA model is assumed, (see chapter 6.1.1)

• a long-range prediction over a finite horizon greater than the dead-time of the
plant is used, (the long range prediction is explained in chapter 6.1.2)

• the prediction is performed by recursion of the Diophantine equation, (see
chapter 6.1.3)

• weighted increments are considered in the cost-function, (see equation (6.1.3)
for D(q-1) = 1 - q-1 = ∆)

• a control horizon is given after which control increments are taken to be zero.

6.1.1 Plant Model Description and Noise Models
In the following paragraph we assume the system description to be

y t
q B q

A q
u t x t

d

( )
( )

( )
( ) ( )= +

− −

−

1

1 (6.1.4)

where

A(q-1) = 1 + a1q
-1 + ... + an-1q

n-1 + anq
-n = 1 + q-1 A*(q-1)

B(q-1) = b0 + ... + bmq-m

u(t) is the control input, y(t) is the measured variable or output, and x(t) is a distur-
bance term.

Noise or disturbance models are usually described using MA (moving-average), AR
(autoregressive) or ARMA (autoregressive moving-average) models [Kam92].

The MA model

is described by

x(t) = C(q-1) γ(t)

the AR model

is described by

x(t) = 
1

1A q
t

( )
( )− γ

and the ARMA model

can be described by
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x(t) = 
C q
A q

t
( )
( )

( )
−

−

1

1 γ

where C(q-1) = 1 + c1 q
-1 + ... + cnc q

-nc,

A(q-1) = 1 + a1 q
-1 + ... + an q

-n, and

γ(t) is an uncorrelated random sequence with zero mean values or white 
noise.

The influence of noise and the controller on the process can be described by a
CARMA model (Controlled Auto-Regressive and Moving-Average), which is equiva-
lent to a ARMAX model (Auto-Regressive Moving-Average eXogenous input), or by
a CARIMA or ARIMAX model (integrated moving-average). The controlled part or the
exogenous input (or external input) represents the plant input u(t) in our case
[Lan88].

The CARMA (ARMAX) model

If x(t) is considered as ARMA model we obtain for the process output:
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which is equal to

A(q-1) y(t) = B(q-1) u(t-1-d) + C(q-1) γ(t) (6.1.5)

The CARIMA (ARIMAX) model

Although the CARMA model has been widely used, it is inappropriate for

• step disturbances, and

• Brownian motion (found in plants relying on energy balance).

Therefore the following CARIMA (ARIMAX) noise model is preferred:

x(t) = 
C q

A q D q
t

( )
( ) ( )

( )
−

− −

1

1 1 γ

where the polynomial D(q-1) with D(1) = 0 ensures integral action in the controller in
order to provide offset-free performance. In the simplest case D(q-1) is the differenc-
ing operator 1 - q-1.

This model can then be written as:
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1 1 γ (6.1.6)

⇔ A(q-1) D(q-1) y(t) = B(q-1) D(q-1) u(t-1-d) + C(q-1) γ(t) (6.1.7)
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Notice that in the disturbance model and in the plant model are the same denomina-
tor polynomial A(q-1) is no restriction of the general case. This is shown, if different
polynomials are used:
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This is equal to
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which can be written as
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6.1.2 The Output Prediction
Before deriving the predictor equations let us sum up which information is available
at time t:

• the output y(t-i) for i ≥ 0, which is the present and the past output signal of the
plant,

• the input u(t-i) for i ≥ 1, which is the past input signal of the plant,

• the present and the future inputs u(t+i) for 0 ≥ i ≥ j-d-1, which have been de-
termined by the control law, and

• the present and the past output disturbance γ(t-i) for i ≥ 0

This information will be used in the following, to predict the future outputs of the
plant.

The design of the long-range prediction is based on the following two Diophantine
equations:

C(q-1) = A(q-1) D(q-1) Ej(q
-1) + q-j Fj(q

-1) (6.1.8)

Ej(q
-1) B(q-1) = C(q-1) Gj-d(q

-1) + q-j+d Hj-d(q
-1) (6.1.9)

with

Ej(q
-1) = e0 + e1 q

-1 + ... + ej-1 q
-j+1

Fj(q
-1) = f0 + f1 q

-1 + ... + fnf q
-nf

Gj-d(q
-1) = g0 + g1 q

-1 + ... + gj-d-1 q
-j+d+1

Hj-d(q
-1) = h0 + h1 q

-1 + ... + hnh q
-nh

where

nf = max(nA + nD - 1, nC - j)  and

nh = max(nC, nB + d) - 1
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The calculation of the uniquely defined polynomials Ej(q
-1), Fj(q

-1), Gj-d(q
-1) and

Hj-d(q
-1) will be explained later, of importance right now is, that Ej (q

-1) and Fj(q
-1) can

be obtained for given A(q-1), C(q-1), and the prediction interval j, and that Gj-d(q
-1) and

Hj-d(q
-1) can be obtained for given B(q-1), C(q-1) and the prediction interval j.

Equation (6.1.7) can be multiplied by Ej(q
-1) qj in order to obtain

Ej(q
-1) A(q-1) D(q-1) y(t+j) = Ej(q

-1) B(q-1) D(q-1) u(t+j-1-d) + Ej(q
-1) C(q-1) γ(t+j)

(6.1.10)

In this equation Ej(q
-1) A(q-1) D(q-1) can be replaced by using equation (6.1.8):

C(q-1) y(t+j) = Ej(q
-1) B(q-1) D(q-1) u(t+j-1-d) + Fj(q

-1) y(t) + Ej(q
-1) C(q-1) γ(t+j)

(6.1.11)

The polynomial Ej(q
-1) B(q-1) D(q-1) u(t+j-1-d) contains one part which can be

measured at time t and one part which is to be determined by the control law.
Therefore equation (6.1.11) can be decomposed using equation (6.1.10):

C(q-1) y(t+j) = C(q-1) Gj-d(q
-1) D(q-1) u(t+j-1-d) + Hj-d(q

-1) D(q-1) u(t-1) + 
+ Fj(q

-1) y(t) + Ej(q
-1) C(q-1) γ(t+j)

⇔
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(6.1.12)

This equation reveals the fact, that the future output y(t+j) of the plant is composed
of three parts:

• Gj-d(q
-1) D(q-1) u(t+j-1-d) depends on future control values which have to be

determined by the control law,

• 
H q D q

C q
u t
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C q
y tj d j−

− −

−

−

−− +
( ) ( )

( )
( )

( )

( )
( )

1 1

1

1

11  contains values which are already available

as measurable data of the past, and

• Ej(q
-1) γ(t+j) is the future plant disturbance which is unpredictable at time t.

Since the future plant disturbance is assumed to be white noise with zero mean, the
minimum variance (MV) j-step-ahead predictor can  be simply obtained by setting
this unpredictable part to zero:
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(6.1.13)
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Remarks:

• The prediction error can be calculated as
y t j y t j t E q t j t j e t j e tj j( ) $( ) ( ) ( ) ( ) ( ) ( )+ − + = + = + + + − + + +−

−
1

1 11 1γ γ γ γL .

• The predictor dynamics are determined by the polynomial C(q-1). This dynam-
ics can be obtained by a steady-state Kalman filter in the sense of optimal
prediction, but it can also be chosen by the user as specifying the observer
dynamics. In this case C(q-1) is denoted as T(q-1). The appropriate selection or
T(q-1) is described in chapter 6.2.2 .

6.1.3 The Recursion of the Diophantine Equation
The most effective way to implement long-range prediction is to use recursion of the
Diophantine equation [M’Saad96, Cla85, Soet90]. This recursion is explained in the
following.

We consider equation (6.1.8):

C(q-1) = A(q-1) D(q-1) Ej(q
-1) + q-j Fj(q

-1) (6.1.14)

The recursive solution of this equation consists in calculating Ej(q
-1) and Fj(q

-1) by
using Ej-1(q

-1) and Fj-1(q
-1). Both, Ej(q

-1) and Fj(q
-1), as well as Ej-1(q

-1) and Fj-1(q
-1)

represent solutions of (6.1.14):

C(q-1) = A(q-1) D(q-1) Ej(q
-1) + q-j Fj(q

-1) (6.1.15)

C(q-1) = A(q-1) D(q-1) Ej+1(q
-1) + q-j-1 Fj+1(q

-1) (6.1.16)

with

Ej(q
-1) = ej, 0 + ej, 1 q

-1 + ... + ej, j-1 q
-j+1, and

Ej+1(q
-1) = ej+1, 0 + ej+1, 1 q

-1 + ... + ej+1, j q
-j

Fj(q
-1) = fj, 0 + fj, 1 q

-1 + ... + fj, nf q
-nf

Fj+1(q
-1) = fj+1, 0 + fj+1, 1 q

-1 + ... + fj+1, nf q
-nf

where

nf = max(nC - j, nA + d -1)

Subtraction of equation (6.1.15) by (6.1.16) leads to

0 = A(q-1) D(q-1) [Ej+1(q
-1) - Ej(q

-1)] + q-j [q-1 Fj+1(q
-1) - Fj(q

-1)] (6.1.17)

Since nEj+1
= j and nEj

= j - 1, the following holds:

Ej+1(q
-1) - Ej(q

-1) = ej+1, j q
-j + E’(q-1) (6.1.18)

where

E’(q-1) is a polynomial of degree i - 1 and ej+1, j is the jth coefficient of Ej+1.

Equation (6.1.17) can now be written as

0 = A(q-1) D(q-1) E’(q-1) + q-j [q-1 Fj+1(q
-1) - Fj(q

-1) + A(q-1) D(q-1) ej+1, j]
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Remarks:

• The prediction error can be calculated as
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-1) - Ej(q

-1)] + q-j [q-1 Fj+1(q
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= j - 1, the following holds:
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-j + E’(q-1) (6.1.18)

where

E’(q-1) is a polynomial of degree i - 1 and ej+1, j is the jth coefficient of Ej+1.

Equation (6.1.17) can now be written as

0 = A(q-1) D(q-1) E’(q-1) + q-j [q-1 Fj+1(q
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-1) + A(q-1) D(q-1) ej+1, j]
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with the following solution:

E’(q-1) = 0, and

q-1 Fj+1(q
-1) = Fj(q

-1) - A(q-1) D(q-1) ej+1, j (6.1.19)

Since the polynomial A(q-1) D(q-1) = A’(q-1) has a unit leading element, equation
(6.1.19) leads to

ej+1, j = fj, 0 , and (6.1.20a)

fj+1, j = fj, j+1 - a’j+1 ej+1, j , for j = 0 to the degree of Fj+1. (6.1.20b)

The polynomial Ej+1 is now given by

Ej+1(q
-1) = Ej(q

-1) + q-j ej+1, j (6.1.21)

In order to initialise the iterations the solution for j = 1 is required. Equation (6.1.17)
for j = 1 leads to:

E1 = c0/a’0 (6.1.22a)

F1(q
-1) = q (C(q-1) - A’(q-1) c0/a’0) (6.1.22b)

Since the plant polynomials A(q-1) and B(q-1) are given, and if one solution E1 and F1

is known (equation (6.1.22)), then equation (6.1.20) can be used to obtain Fj+1(q
-1),

equation (6.1.21) is used to obtain Ej+1(q
-1), and so on.

6.1.4 The Control Law
The derivation of the predictive control law can be read in [M’Saad96, Soet90], here
only the result is given:

The predictive control law can be implemented using the usual RST-approach:

S(q-1) D(q-1) u(t) + R(q-1) y(t) = T(q-1) r(t+ph)

which results in a structure like in the following block diagram:

T

R

+

-

q-d-1B
A

y(t)

x(t)

u(t)r(t+ph) 1
SD

S(q-1) is a function of the prediction horizon ph, of the starting horizon sh, of the dis-
turbance polynomial C(q-1), of Hj-d(q

-1) and Gj-d(q
-1) (see chapter 6.1.2),

R(q-1) is a function of ph, Fj(q
-1) and Gj-d(q

-1), and

T(q-1) is a function of ph, of C(q-1), and of Gj-d(q
-1).
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6.2 Choice of GPC Design Parameters
The GPC criterion depends upon the specification of several design parameters,
which are explained in the following chapter. Special importance has to be paid on
the selection of the three main design parameters, ch, ph, and the weighting factor λ.

6.2.1 Choice of Costing Horizons and Weighting Factor
Simulation exercises on a variety of plant models, including stable, unstable and
non-minimum-phase processes with variable dead-time, have shown how the costing
horizons sh, ph and ch should best be selected [Cla87, Cla89, Soet90].

The starting horizon  sh

The starting prediction horizon sh can often be taken as 1; if it is known a priori that
the dead-time of the plant is at least d sample-intervals, then sh can be chosen as d
or more, to minimise computations. If d is not known or is variable, then sh can be
set to 1 with no loss of stability and the degree of B(q-1) increased to encompass all
possible values of d.

The prediction horizon  or maximum output horizon  ph

In general the prediction horizon ph is selected to consider all the plant model
response which is significantly affected by the current control. In discrete-time this
implies that ph exceeds the degree of B(q-1) as then all states contribute to the cost.
In practice, however, a rather larger value of ph is suggested, ph is set to approxi-
mate the rise-time of the plant. Increasing ph improves the robustness of the closed-
loop system and simultaneously makes the system respond slower to set point
changes. If the process is badly damped or unstable, ph can be chosen to approxi-
mate 3 times the rise-time of the plant [Soet90].

ph depends also on the sampling period. A short sampling period results in a large
prediction horizon. However, if, as a role of thumb, the sampling period is chosen
10-20 times smaller than the settling time of the closed-loop system’s step response,
typical values for ph are 10-20 [Soet90].

The control horizon  ch

The control horizon is an important design parameter. It determines the degrees-of-
freedom in future control increments. For a simple plant, e.g. open-loop stable
though with possible dead-time and non-minimum-phasedness, a value of ch of 1
gives generally acceptable control. Increasing ch makes the control and the corre-
sponding output response more active until a stage is reached where any further
increase in ch makes little difference. An increased value of ch is more appropriate
for complex systems where it is found that good control is achieved when ch is at
least equal to the number of unstable or badly-damped poles. The smaller ch, the
slower the closed-loop system’s step response and the larger its robustness. If the
process is stable but has badly situated zeros, then ch must be chosen ≤ nA + 1. If
the process is badly damped or unstable, ch should be chosen > 1 [Soet90].

The weighting factor λλ

GPC can be used with a non-minimum-phase plant even if λ is zero. In this case the
optimal control law tries to remove the process dynamics using an inverse plant
model in the controller. Non-minimum-phase plant stability requires a non-zero value
of λ. The easiest choice for λ is zero, with increasing values of λ the robustness of
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the closed-loop system improves, but it also becomes slower. Notice that robustness
can also be improved using a frequency weighting filter in the output as it is
described in chapter 6.2.4. This method is usually preferable[Cla89].

The above discussion implies that GPC can be considered in two ways. A large
class of plant models in many industrial applications can be stabilised with default
values of sh =1, ch = 1, and ph equal to the plant rise-time. For high-performance
applications such as the control of coupled oscillators with modal modes, a higher
value for ch is recommended [Cla87]. Choosing ch = nA has shown to yield a com-
promise between robustness and performance [Soet90].

6.2.2 Selection of predictor poles
The disturbance term

x(t) = 
C q

A q D q
t

( )
( ) ( )

( )
−

− −

1

1 1 γ

in equation (6.1.6) can be interpreted in different ways.

If γ(t) is a sequence of independent random variables and C(q-1) has been estimated
by an identification of the plant disturbance, then a predictor based on this model will
be asymptotically optimal (minimum-variance). This assumption is commonly used in
the self-tuning literature.

However, the polynomials C(q-1) and D(q-1) are usually difficult to estimate why fixed
polynomials are commonly used instead [Åst84]. In this case C(q-1) is usually
denoted as T(q-1). The predictions will then not be optimal but a well selected
observer polynomial T(q-1) can improve both the robustness to unmodelled dynamics
disturbances and the sensitivity to high frequency noise.

Basically two choices are considered in practice [Soet90]:

1.) T(q-1) = $A (1 - µ q-1)

with 0 ≤ µ ≤ 1,

where $A (q-1) denotes the denominator polynomial of the estimated model. This
means, that µ can be considered as a damping factor and the poles of the control
model are moved towards the origin. An increasing value of µ leads usually to
increasing robustness of the process.

When µ = 0 (hence, T = $A ) a compromise between robustness and regulator per-
formance is obtained. However, this choice for T cannot be used if the model has
badly damped poles.

2.) T(q-1) = ( )1 1− −µq nA

with 0 ≤ µ ≤ 1.

This leads mostly to a maximum robustness for a particular value for µ (usually 0.6 ≤
µ ≤ 0.9) and it can also be used with unstable processes. Increasing µ makes the
closed-loop system respond more slowly to set point changes.
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The default value suggested by Clarke is T(q-1) = ( . )1 0 8 1− ⋅ −q nA which lead to accept-
able results in most cases [Soet90].

The T(q-1) polynomial can also be used to decrease the variance of the controller
output if the controller is too active due to noise acting on the system. Increasing
values of µ make the controller output less active and the noise rejection is better,
however, load changes are rejected more slowly. Thus the robustness of the system
is improved.

6.2.3 Selection of D-Polynomial
As the load disturbances generally exhibit stepwise behaviour, a natural choice of
the polynomial D(q-1) is a simple differentiator, i.e. D(q-1) = 1 - q-1 = ∆.

D(q-1) = ∆β with β > 1 can be possible in order to prevent steady-state errors, but in
general, β must be chosen as small as possible in order to avoid stability problems
[Soet90]. Other choices, like D(q-1) = 1 - 2 cos α q-1 + q-2 allow to eliminate periodic
disturbances of frequency f = α/2π [M’Saad96].

6.2.4 Selection of Input and Output Filters
The linear quadratic cost function of the GPC criterion in equation (6.1.3) can be
modified if instead of the controller output u(t) a filtered value uf(t) is considered with

u t
W q
W q

u tf
un

ud

( )
( )
( )

( )=
−

−

1

1

The following criterion function is obtained:

[ ] [ ]J E y t j r t j D q u t jGPC f
j

ch

j sh

ph

= + − + + + −








−

==
∑∑ ( ) ( ) ( ) ( )2 1 2

0

1λ (6.2.1)

This controller output weighting filter Wu(q
-1) can attenuate or enhance certain fre-

quencies in u(t). This can be used, for instance, if the process to be controlled is a
mechanical system which has one (or more) resonance frequencies. In that particu-
lar case one can design the filter Wu(q

-1) so that these frequencies are more
weighted than other frequencies. When one frequency in the controller output is to
be attenuated, a notch filter can be designed and used as Wu(q

-1). Wu(q
-1) can also

be used for attenuating high frequencies in the controller output. This can improve
robustness against measurement noise in the output.

The output y(t), which is the same as the controller input, can be weighted equiva-
lently by the following weighting filter:

y t
W q

W q
y tf

yn

yd

( )
( )

( )
( )=

−

−

1

1

The cost function changes analogously. Wy(q
-1) can be used to penalise a large

overshoot in case of set-point and load changes, and in special cases it can also be
interpreted as “approximate inverse closed-loop model” [Cla87]. It has in general the
same influence on the regulator behaviour and the robustness of the system as the
polynomial T(q-1) [Soet90].
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6.3 Implementation Issues and Shortcomings
In order to complete the discussion of generalized predictive control the hardware
requirements and some shortcomings of GPC should be mentioned.

Implementation Issues

GPC is a particularly simple computational solution of an optimal control design
which does not require the solution of a Riccati equation, unlike state-space formu-
lated optimal control problems. It is simple to derive and to implement in a computer,
however, calculation time increases with an increasing control horizon. Since a small
sampling period in relation to the settling time of the process entails large prediction
horizons and a large controller order (if the process contains time delay), this can
cause numerical problems.

The developed, non-adaptive GPC controller was of 9th order and therefore very
simple to implement into a microcontroller. But also the adaptive version has already
successfully been implemented in 386 IBM-PC 33 MHz and micro controller HP 1000
at the Laboratoire d’Automatique de Grenoble [Dug87, M’Saad94a].

Shortcomings

The large applicability of GPC has already been pointed out (see introduction of
chapter 6), the convincing performance will be shown in chapter 6.5, however, cer-
tain prerequisites are needed.

It should be kept in mind, that the selection of the design parameters, namely the
starting horizon sh, the prediction horizon ph, the control horizon ch, the predictor
polynomial T(q-1) and the frequency weighting filters W(q-1), offer a powerful tool and
a large applicability, but the selection of these parameters represents an iterative
and hence time-consuming procedure. A solid background in robust control theory is
required, especially if the system is badly damped, if it contains one integrators or
more (as it is the case in automatic steering), or if it is unstable or has unstable
zeros.

The design parameters should be chosen bearing in mind the plant-model mismatch
insensitivity and implementation simplicity requirements, but they also influence the
tracking performance. Therefore a Partial State Reference Model Control (PSRMC)
approach is recommended for tracking problems, as it was proposed by M’Saad and
Sanchez 1992 [M’Saad92]. Notice that this can also be regarded as a considerable
advantage, since then the tracking and regulating performance can be specified
independently.

Furthermore an a priori knowledge about the uncertainty of the plant is needed. This
implies that a previous study and a good physical insight is required, a set of identi-
fication experiments for different operating conditions is recommended. The selec-
tion of an appropriate nominal control model is an additional task, which is usually
not obvious, but an iterative procedure.

6.4 GPC for Automatic Steering
Until now the structure of GPC was explained and general recommendations were
given concerning the selection of design parameters. In this chapter the GPC design
for the automatic steering problem is described. The design specifications and the
design parameters of the robust controller are given, as well as the corresponding
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robustness quantifiers, and finally simulation results with the complex, non-linear
vehicle model are presented.

The performance of the robust controller, i.e. the sensitivity functions as robustness
quantifiers and simulation results of the automatic steering system, is shown for the
nominal situation and three mismatch conditions, namely

• FC: a fast condition corresponding to a speed of 30 m/s on a dry road (solid
lines), this represents the nominal condition,

• OC: an operating condition corresponding to a speed of 18 m/s on a snow road
(dashed lines),

• AC: an average condition corresponding to a speed of 15 m/s on a wet road
(dash-dotted lines),

• SC: a slow condition corresponding to a speed of 5 m/s on a dry road (dotted
lines).

6.4.1 Design Specifications
The design specifications for the automatic steering system have been adapted from
those considered in earlier design studies [Ack95, Gul95, Smi78]. They were basi-
cally given in terms of actuator constraints and passenger comfort considerations as
follows:

• The steering angle and its rate should satisfy δ( )t ≤ 40 deg and &( )δ t ≤ 45 deg/s.

• The displacement from the guideline must not exceed 15 cm in transient behav-
iour and 2 cm in steady state behaviour.

• The lateral acceleration should satisfy a t
v(t
R t

gy ( )
)

( )
.≤ ±

2

01  where v(t), R(t) and g

denote the velocity, the curve radius and the gravity constant, respectively.

6.4.2 Design Parameters
In chapter 4.6 the considered operating domain of the automatic steering system
was shown, as well as the identification results. The identification of the vehicle
dynamics over this operating domain provides a set of pulse transfer functions of
which a nominal control model has to be selected. This selection plays an important
role in robust control design to satisfy the performance for the set of plants.

There are several ways to choose a nominal model [Ver95], one of them is to select
an average model; another way is to select the worst case model, arguing that if the
controller works well for this condition, the performance for any other condition will
be even better. Notice that a general solution for selecting the best nominal model
can not be given, and moreover, that the performance for all the operating domain
can not be guaranteed only from the nominal behaviour.

Simulation results have shown that the identified model corresponding to 30 m/s on
a dry road with an average mass, which represents a worst case model, is the best
robust control design model. Indeed, the velocity has shown to be relatively crucial
for control system robustness considerations. At this point it is worth to mention that
satisfying a worst case, i.e. a high speed model, does not necessarily solve the
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robustness problem: it is possible to design controllers, which work perfectly for
velocities above 30 m/s, however for low speed, e.g. 5 m/s they show unacceptable
oscillating behaviour.

The transfer function of the robust control design model is given by

P z
z z

z z z z z
( )− = − + −

− + − + −
1

1 2

1 2 3 4 5

0 00391698 0 00759141 0 00373038
1 4 78466 91727 8 807713 4 235966 0 816293

. . .

. . . . .

- -

- - - - -

The design parameters involved in the control objective are

sh = 1,

ch = 3,

ph = 60, and

λ = 30.

The frequency weighting filter in the controller output (which is the plant input) is
selected to

W z
z

z zu( )
.

. .
−

−

− −= −
+ +

1
1

1 2

1 0 4
1 185 0 855

which improves the roll-off of the Regulator*Sensitivity-function, which is shown in
figure 6.4.

A frequency weighting of the plant output Wy(t) is not used, i.e. Wy(t) = 1. Notice that
the selection of appropriate frequency weighting filters is not only a time-consuming,
iterative procedure, it increases also the order of the controller polynomials. It is
therefore desirable, although not always possible, to achieve the required perform-
ance without frequency weighting filters.

In order to determine the polynomial D(q-1), the block diagram of the closed-loop
system of the automatic steering problem is considered, as shown in figure 6.1.
Be(q-1) and Ae(q-1) denote the estimated nominator and denominator polynomial,
which have to be multiplied by a double integrator in order to obtain the transfer
function of the vehicle. u(t) denotes the plant input, which is the steering angle, and
y(t) denotes the sensor displacement. The disturbance x(t) on the output can be
modelled if the steady state value of the lateral acceleration during cornering is
considered:

a
v
Ry =

2

,

where v is the velocity of the vehicle and R is the radius of the road trajectory. The
consideration of a double integrator leads to the transfer function for the output dis-
turbance x(t) to the road curvature κ(t):
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Figure 6.1: Block diagram for automatic steering with output disturbance model

The polynomial D in this block diagram has to be determined in order to obtain off-
set-free performance for the closed loop. Therefore the transfer function between the
road curvature κ(t) and the output y(t) in continuous time is derived:

Y s) X s)
Be

Ae s
U s)( ( (= +

⋅ 2

with

U s)
S

RD
Y s)( (= −

and

X s)
v
s

s)( (=
2

2 κ

This leads to

Y s)
v
s

s)
Be

Ae s
S

RD
Y s)

Ae RD v
Ae RD s Be S

s)( ( ( (= −
⋅

= ⋅ ⋅
⋅ ⋅ + ⋅

2

2 2

2

2κ κ

The static value of y(t) for a step-wise disturbance κ κ(s)
s

= 1
0  can be calculated as
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which is different from zero for D ≠ s. This implies that, in case of automatic steering,
the D polynomial in discrete time should be chosen as a simple differentiator D(q-1) =
1 - q-1 in order to ensure offset-free performance.

The predictor poles of the T(q-1) polynomial have been obtained by damping the
poles of the control model. They were set to 0.5, 0.6, 0.7, 0.8, 0.9, and 0.95.
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6.4.3 The Robustness Quantifiers
The sensitivity functions as described in chapter 5.1.1 are shaped using an iterative
procedure. Figure 6.2 shows the output sensitivity functions for the particular four
driving conditions. It can be seen that, for the high speed condition (solid), for the
snow condition (dashed) and for the average condition (dash-dotted) good sensitivity
functions have been achieved (less than 6 dB), only the low speed condition (dotted)
shows two high peak values, one of them in the very low frequency region, the other
at about 6 Hz.
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Figure 6.2: Sensitivity functions

Figure 6.3 shows the complementary sensitivity functions for the four presented
operating conditions. In chapter 5 it was mentioned, that this sensitivity function
characterises the sensitivity to measurement noise, why it is also called “noise sen-
sitivity function”. More specifically, it describes the influence of measurement noise
in the input (bu(t)) and output (by(t)) on the plant input u(t) and the plant output y(t),
respectively. It can be seen in figure 6.3, that for all operating conditions, a good
attenuation in the high frequency region, which is important in this case, has been
achieved.
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Figure 6.3: Complementary sensitivity functions

The sensitivity function “Regulator*Output Sensitivity” describes the influence of the
output disturbance and output measurement noise on the input, as it can be seen in
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figure 5.4. In figure 6.4 it can be seen that, in the frequency band between 3 Hz and
32 Hz, the disturbances and the measurement noise are amplified by the controller.
This indicates possible difficulties if the controller is actually implemented in a test
vehicle: measurement noise of the displacement sensor induces oscillations of the
plant input, which is the steering angle. An oscillating steering angle entails oscilla-
tions of the lateral acceleration, which degrades passenger ride comfort. This prob-
lem was already reported from previous studies [Peng90]. Therefore a further
improvement by modification of the frequency weighting filters may be required.
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Figure 6.4: Regulator*Sensitivity functions

Figure 6.5 shows the sensitivity functions “Plant*Output Sensitivity”, which indicate
how detrimental actuator effects influence the plant output. It can be seen that for all
conditions a good attenuation in the important high frequency region has been
obtained.
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Figure 6.5: Plant model*Sensitivity functions

Table 6.1 compares the modulus margins for the different driving conditions. It can
be seen, that for all except the slow condition (SC) the values remain smaller than
the desired -6 dB. The modulus margin as well as the attenuation bandwidths can
also be seen in the preceding figures, notice, that the plots of the sensitivity func-
tions provide a much more detailed information. However, the information of the
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delay margins is not contained in the sensitivity function plots, why it is also shown
in table 6.1.

Conditions Modulus Margins
(dB)

Delay Margins
(sec)

Attenuation Band-
widths (Hz)

FC -5.51 0.59 1.10

OC -3.32 1.71 0.57

AC -5.50 0.61 2.80

SC -9.61 0.34 0.24

Table 6.1: Robustness margins and attenuation bandwidths

6.5 Simulation Results
Three reference driving manoeuvres have been considered to evaluate the perform-
ance of the automatic steering system:

• a transition from a straight line into a circular one with a radius of 400 m,

• a wind gust disturbance at 20 m/s in lateral direction, and

• a transition from manual mode to automatic steering.

6.5.1 Entering the Curved Test Path
Figures 6.6, 6.7, 6.8, and 6.9 show the lateral sensor displacements, steering
angles, steering angle rates and lateral accelerations for entering the curved test
path. As already mentioned, the

• solid lines correspond to 30 m/s on a dry road, the

• dashed lines correspond to 18 m/s on a snow road,

• dash-dotted correspond to 15 m/s on a wet road, and the

• dotted lines correspond to 5 m/s on a dry road.

The different steady state values of the steering angles in figure 6.7 are due to the
understeering behaviour of the BMW520i. Notice that the actuator constraints as
well as the passenger comfort specifications have been satisfied with the proposed
robust controller.
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Figure 6.6: Lateral displacements for entering the curved path
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Figure 6.7: Steering angles for entering the curved path
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Figure 6.8: Steering angle rates for entering the curved path
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Figure 6.9: Lateral accelerations for entering the curved path

6.5.2 Side Wind Forces
Figures 6.10, 6.11, 6.12 and 6.13 show the lateral sensor displacements, steering
angles, steering angle rates and lateral accelerations of the robust controller in
presence of a heavy step-like wind gust of 20 m/s in lateral direction. Such a condi-
tion can occur when leaving a tunnel or behind a bridge, when the vehicle is sud-
denly hidden by a lateral wind gust. Notice that the lateral displacement is not sig-
nificantly affected, however in the low speed case (dotted lines) an oscillating behav-
iour of the steering angle deteriorates the passenger comfort, which can be seen in
figure 6.13.

The frequency of this oscillation is approximately 6 Hz, which corresponds to the
peak of the sensitivity function for this condition, which was shown in figure 6.2
(dotted line). This underlines the qualification of the sensitivity functions as perform-
ance and robustness quantifier.
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Figure 6.10: Lateral displacements for wind disturbance
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Figure 6.11: Steering angles for wind disturbance
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Figure 6.12: Steering angle rates for wind disturbance

10 15 20 25 30 35 40 45 50 55 60
−0.2

−0.1

0

0.1

0.2

0.3

Track length (m)

La
te

ra
l a

cc
el

er
at

io
n 

(m
/s

)

Figure 6.13: Lateral accelerations for wind disturbance
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6.5.3 Transition from Manual to Automatic Steering
Figures 6.14, 6.15, 6.16 and 6.17 show the lateral sensor displacements, steering
angles, steering angle rates and lateral accelerations of the robust controller for a
transition from manual to automatic mode. The disturbances are well rejected, how-
ever the steering angle rate saturates.

This seems to be a typical behaviour of a linear controller [Hunt96], however, this
problem can be treated by transforming this regulation problem into a tracking prob-
lem: during manual mode the present sensor displacement can be imposed as a
desired reference value; during transition from manual to automatic mode a suitable
tracking sequence can be imposed, which leads to a smooth transition to a zero
value of the sensor displacement.
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Figure 6.14: Lateral displacements for transition from manual to automatic steering
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Figure 6.16: Steering angle rates for transition from manual to automatic steering
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Figure 6.17: Lateral accelerations for transition from manual to automatic steering
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7 Feed-forward
From previous studies it is known, that the behaviour of a human driver during line-
following manoeuvres is basically of a feed-forward characteristic [Horn86]. When
entering a curve, a driver turns immediately the steering wheel (feed-forward beha-
viour), according the curve and based on experience. Only a relatively small percen-
tage of his reaction is based on feed-back information, e.g. the actual lateral dis-
placement from a desired trajectory.

From a control point of view, it is generally recommended to compensate distur-
bances which are measurable by using a feed-forward structure, and to compensate
by a feed-back law only those disturbances, which are not measurable [Iser87].

This motivates the improvement of the controller performance using the curvature of
the coming road as preview information. This preview information is certainly avail-
able if the steering system is used in a vehicle simulation, if the steering system is
implemented in a test vehicle this information can be obtained by a visual sensor. In
future Integrated Highway Systems (IHS) the coming road curvature could be binary
encoded into the road infrastructure.

The feed-forward controller can generate the steady-state or preview steering com-

mand corresponding to the curvature κ( )
( )

t
R t

= 1
 of the road, where R(t) denotes the

curve radius. The resulting structure is shown in figure 7.1.

-

y(t)
x(t)

u(t)
Vehicle

v2

s2

κ(t)

F

+

++

+
Feed-back
controller

Figure 7.1: Block diagram for automatic steering with output disturbance model and
feed-forward controller

κ(t) denotes the road curvature, F represents the transfer function of the feed-
forward controller, u(t), y(t) and x(t) denote respectively the steering angle, the lat-
eral sensor displacement and the output disturbance. The output disturbance model
is the square of the velocity v, multiplied by a double integrator, which was derived in
chapter 6.4.2.

The steady-state steering angle δstatic can be as calculated for the linear single-track
model as
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which shows that the transfer function F is related to the velocity v and the front and
rear cornering stiffnesses Cf and Cr [Mit90]. A feed-forward controller which is based
on this equation suffers from the fact that it needs not only to measure the velocity v
of the vehicle, which can be easily done, it requires also an estimation of the corner-
ing stiffness Cf and Cr as it was pointed out in [Peng90].

In the presented study, it will be shown that, even with a fixed controller gain F, a
considerable performance improvement can be obtained. In figure 6.7 the steering
angles for entering a curve with radius 400 m are shown. It can be seen, that the
steady-state values δstatic vary between approximately 0.5° and 0.6°. In radians this
corresponds to 0.0087 and 0.0105, respectively. Since F = δstatic ⋅ R = δstatic ⋅ 400 m, a
gain F of 3.5 has been used.

The simulation results are shown in figure 7.2. Notice that a reduction of the maxi-
mum overshoot of at least 50 % had been obtained (for 5 m/s on dry road), for a
condition of 18 m/s on a snow road the overshoot decreased to a value of 18 %
(from 3.8 cm to 0.7 cm).
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Figure 7.2: Lateral displacements

It can also be seen that the sensor displacement for low speed conditions changes
sign and starts with a negative overshoot. This is due to the fact that the steering
angle at the wheels is manipulated by the feed-forward controller not when the front
wheels enter the curve, but when the sensor, which is mounted at the front end of
the vehicle, enters the curve.

Figure 7.3 compares the robust controller with and without feed-forward for the
nominal condition (v = 30 m/s on a dry road) for entering the test curve. The dotted
line in the lower diagram shows the contribution of the feed-forward part to the
steering angle.
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Figure 7.3: Lateral displacements for v = 30 m/s on a dry road for entering the test
curve, with and without feed-forward
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8 Adaptive Control
When robust control design does not allow to obtain a single linear controller which
gives acceptable performances for all operating conditions because the dynamic
characteristics of the plant vary too much, one has to consider the “adaptation” of
the controller.

Basically there are two types of adaptive controllers: Direct Adaptive Controllers,
which are adapted without an explicit identification of the process, and Indirect
Adaptive Controllers. For the automatic steering problem both types of adaptation
methods have been implemented: a direct adaptive controller, more particularly an
open-loop adaptation, and an indirect adaptive controller which is also called a self-
tuning controller. Both methods are explained in the following and simulation results
are presented.

8.1 Open loop Adaptation
For adaptive controllers a variety of adaptation methods have been developed. The
simplest case represents the open loop adaptation, which can be used if the chang-
ing behaviour of the process can be measured using appropriate signals, and if it is
known, in which way the controller has to be modified. This approach is also called
gain scheduling because the system was originally used to accommodate changes
only in process gain [Åst84, Iser87]. The structure of this adaptation is shown in
figure 8.1.

Controller
Design

ProcessController
r(t) u(t) y(t)

z(t)

Figure 8.1: Block diagram for open loop adaptation

r(t) and z(t) denote respectively the reference sequence and a measurable signal,
the latter serves as an indicator for the plant characteristics. Distinctive for open loop
adaptation is that no feedback of control loop signals on the controller design is
used. This represents also a drawback, since no feedback loop can compensate for
an incorrect schedule. Gain scheduling can thus be viewed as an extension of feed-
forward compensation. An advantage of a feed-forward controller is that the parame-
ters can be changed very quickly in response to process changes [Åst84], provided
that the process changes can be easily measured. Therefore additional sensors are
required. This is in contrast to an adaptation in closed loop, where no additional
sensors are needed, but additional calculations have to be carried out instead.
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8.1.1 Multi-Model Approach
The controller design in open-loop adaptation can be replaced by a controller selec-
tion, i.e. the operating domain is divided in a number of operating intervals for each
of them a corresponding controller will be used. This is also called multi-model
approach. In the case of automatic steering a suitable indicator signal z(t) for the
behaviour of the vehicle is the velocity. An open loop adaptation can be simply car-
ried out by switching between different controllers according to the velocity of the
vehicle. In general this kind of adaptation is a very useful technique for reducing the
effects of parameter variations and of considerable practical importance.

8.1.2 Simulation Results
Figure 8.2 shows the simulation result for entering the curved test path at a velocity
of 5 m/s on a dry road. The dotted line shows the simulation result of the robust con-
troller which was already shown in chapter 6. The solid line shows the simulation
result of a controller, which has been obtained using the same control parameters
but a control model, which corresponds this actual condition, i.e. 5 m/s on a dry road.

The simulation result can be considerably improved, if instead the robust controller,
a controller is used, which was developed just for the corresponding operating con-
dition. In figure 8.3 it can be seen that the problems concerning oscillations of the
steering angle for this conditions are solved.
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Figure 8.2: Simulation result: Robust and nominal controller for entering the test
curve: sensor displacements and steering angles
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Figure 8.3: Simulation result: Robust and nominal controllers for entering the test
curve: steering angle rates and lateral accelerations

Due to the decreasing robustness requirements for each local regulator the global
operating domain can be increased. The maximal velocity for which a regulator has
been obtained is 37 m/s on dry and wet roads. However, this regulator showed un-
acceptable oscillating behaviour for very low frequencies. Therefore for a suitable
multi-model approach at least 2 regulators are required, 3 regulators are sufficient.

Notice, that during transition from one regulator to another the stability of the system
can not be theoretically guaranteed. This requires a cautious switching and that in
the boundary region between two controller operating domains both regulators are
sufficiently stable. A hysteresis characteristic can reduce the transitions when the
system operates in the cross-over area.

As already mentioned, this adaptation is of practical importance, its implementation
does not pose particular problems. Therefore no further simulation results are shown
in order to continue to the more challenging self-tuning control.
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8.2 Adaptation in Closed-Loop: Self-Tuning Control
In the following chapter the structure of the implemented self-tuning regulator is
explained, simulation results are presented, and the effect of signal normalisation
and adaptation freezing as it was explained in chapter 3 is shown. The latter fea-
tures of the estimation procedure are of fundamental importance for the applicability
of a self-tuning controller for real-life control problems.

8.2.1 The Structure of a Self-Tuning Regulator
The so-called Self-Tuning Regulator (STR) represents an indirect adaptive controller
since it identifies the parameters of the process explicitly. It is therefore also called
Model Identification Adaptive System (MIAS). A block diagram of this controller is
shown in figure 8.4. It combines control design and recursive estimation method.

Controller
Design

Parameter
Estimation

ProcessControllerr(t) u(t) y(t)

Figure 8.4: Block diagram of a self-tuning regulator

The system can be thought of as being composed of two loops. The inner loop con-
sists of the process and an ordinary linear feedback regulator. The parameters of the
regulator are adjusted on-line by the outer loop, which is composed of a recursive
parameter estimator and a design calculation. The estimated model is used to re-
design the controller during operation, assuming that the model is identical to the
process. This is called the certainty equivalence principle.

This kind of algorithm is very attractive since it offers the capability of automatic ini-
tial tuning of a control system or of re-tuning of the system if the plant parameters
change subsequently. Furthermore it is very flexible with respect to the design
method. Virtually any design technique can be accommodated. Self-tuners based on
phase and amplitude margins, pole-placement, minimum-variance control, and LQG-
control have been considered. Many different parameter-estimation schemes may be
used, e.g. stochastic approximation, least squares, extended and generalised least
squares, instrumental variables, extended Kalman filtering, and maximum-likelihood
[Åst84]. It can conveniently be implemented using microprocessors.

A drawback of adaptive control in general is that the regulator will be more complex
than constant-gain regulators, the closed-loop systems becomes non-linear and
time-varying [Åst84]. A critical point of indirect adaptive controllers is the robustness
of the underlying linear control law concerning inaccuracy of the identified plant
model. This accuracy has a double origin: firstly, even under ideal conditions and
excitations the parameterized model can usually referred to as undermodelling.
Secondly, the estimated parameters do not coincide with the best possible parame-
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ters within the chosen model structure, either because they have not yet converged,
or because of an insufficiently excited plant. The explicit self-tuner converges only if
the parameter estimates converge. This requires that the model structure used in the
estimation is correct and that the input signal is sufficiently rich in frequencies. Since
in real-life applications this is not necessarily true, a sophisticated estimation algo-
rithm is required.

In the automatic steering problem the reference sequence r(t) is always zero since
the vehicle should track the guideline without deviation. This represents an
extremely challenging application for the self-tuning regulator, since the system is
only excited by an external output disturbance, which can be neither influenced, nor
is it known in advance.

In the presented adaptive version of the automatic steering controller, the estimation
algorithm contains not only features like filtering, forgetting factor sequences and
incorporation of prior knowledge, but also adaptation gain regularisation, signal
normalisation and adaptation freezing, as explained in chapter 3. In order to avoid
pole-zero-cancellations at lower frequencies (see chapter 4.4.2) the estimated model
is only of 4th order. Since the double integrator characteristic of the plant is incorpo-
rated as prior knowledge, this corresponds to a off-line estimated model of 2nd order.

The fact, that for velocities above 20 m/s a control model of 5th order had to be used
to describe the vehicle dynamics, explains, why the proposed adaptive controller just
works well below this velocity. The limit for stability was 28 m/s, however, above 20
m/s the control performance deteriorated.

The applied controller design was basically the same GPC controller as described in
chapter 6, only one observer pole has been cancelled due to the reduced order of
the estimated model. The on-line controller design as well as the estimation in
closed-loop was carried out using the corresponding modules of the software-pack-
age SIMART, which were exported and implemented in Matlab/Simulink.

8.2.2 Simulation Results
Before considering the simulation results we should keep in mind that the estimated
parameters are only adapted when the system is sufficiently excited. For the auto-
matic steering system this is usually the case when entering a curve or a straight
line, but only at the beginning of each section, when there are sufficiently changes of
the sensor displacement and the steering angle. When the sensor displacement
remains zero and no changes of sensor displacement and steering angle occur, the
parameter adaptation is frozen.

Figure 8.5 shows a simulation result of the adaptive predictive controller. The two
upper diagrams show the experimental specification in terms of road trajectory and
velocity. The initial velocity of the vehicle is 5 m/s. The vehicle model of the estima-
tor, which is initially used to update the GPC controller, corresponds to a velocity of
20 m/s and has been obtained by a previous off-line identification procedure.

After 5 meters the vehicle enters the first curve of a radius of 400 m. The maximum
overshoot of the sensor displacement is approximately 2 centimetres. Now the wrong
initial model parameters are adapted to the parameters corresponding to this low
speed condition, and after 30 meters, when entering the straight path, the vehicle
follows the desired path with almost zero deviation. The reduction of the maximum
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overshoot when entering the second curve after 65 meters shows that the adaptation
performs adequately.
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Figure 8.5: Simulation result of adaptive GPC controller for a changing operating
condition (increasing speed)

After 110 meters the vehicle in figure 8.5 accelerates on the straight, which is shown
in the first and the second diagrams. Since on the straight line the vehicle dynamics
are usually not sufficiently excited, the estimated parameters are frozen and the
controller is not adapted to the changing velocity. In addition, the road conditions are
changed from a dry to a wet road. Therefore, when entering the third curve after 130
meters, there is a considerable overshoot of 4 centimetres. However, this overshoot
represents an excitation of the system, the parameters adapt to this condition, and
after 190 meters, when for the same condition the curved section is entered again,
the overshoot decreases considerably and a remarkable control performance is
obtained.

If this result is compared with the robust controller (see figure 6.6, the dotted (5 m/s
on dry road) and dash-dotted (15 m/s on wet road) lines) it can be seen that the
overshoot in the first curve (2 cm) is greater than the overshoot of the robust control-
ler for this condition (1.8 cm). However, after the parameter have been adapted the
sensor displacement of the adaptive controller remains almost zero and the control
performance of the adaptive controller is by far better.
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The same observation can be made for the second condition, where the initial over-
shoot of the adaptive controller is almost 4 cm in comparison to the robust controller,
where the overshoot is 2.5 cm. However, after the adaptation, when the vehicle
enters the second curved section, the overshoot of the adaptive controller decreases
to approximately 1 cm, which exceeds the performance of the robust controller con-
siderably.

Figure 8.6 shows an equivalent simulation result, in this case the vehicle slows down
after the second curve. During the first sections, the road conditions correspond to a
wet road, after the deceleration the vehicle enters a dry road. For both, the initial and
the final condition the adaptation performed adequately and the control performance
improves between the first and the second curve of each condition.
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Figure 8.6: Simulation result of adaptive GPC controller for a changing operating
condition (decreasing speed)

8.2.3 The Role of Signal Normalisation and Adaptation Freezing
As already pointed out, the normalisation of identification signals represents an
effective mechanism to deal with underinformative data at high signal values. Figure
8.7 shows the sensor displacement and the steering angle as output and input of the
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estimation algorithm for the same driving manoeuvre that was shown in figure 8.5.
The third diagram shows the normalisation factor η(t).
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Figure 8.7: Identification output and input signals and normalisation factor η(t)

The normalisation dynamics parameter σ is set to 0.95, which corresponds to the
largest distance between closed-loop poles and origin, the normalisation threshold
η0 is set to 1 for the first simulation (figure 8.5) and to 0.1 for the second simulation
(figure 8.6), which was the result of an iterative procedure. The nomenclature corre-
sponds to the parameters which were used in chapter 3.6.

Figure 8.8 shows the influence of adaptation freezing, which allows to reject errors
due to normalisation with very large signals, or, if the system is not persistently ex-
cited [Bit90, Cla85]. The first diagram shows the sensor displacement, the second
diagram shows the information measure σ(t), which was explained in chapter 3.7.
The freezing signal s(t) is shown in the third diagram, the last diagram shows the
adaptation of one particular parameter of the estimated model, which is the first
parameter of the numerator polynomial Be. Notice that the obtained estimated pa-
rameters depend on the identification signal and its frequency content.
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Figure 8.8: Influence of adaptation freezing

For the first simulation (figure 8.5) the information threshold σ0 is set to 0.01, for the
second simulation (figure 8.6) it is set to 0.001. The checking time intervals bfa and
bra are set to 1 and 10. This was the result of an iterative procedure.

A forgetting factor sequence did not improve the adaptation result, therefore the cor-
responding values were set to f(0) = 1, ft = 1, f0 = 0.99, the initial adaptation gain
F(0) was set to 1, since no initial parameter tuning was used, but initial estimated
parameters for $( )θ t .

A further modification of the estimation algorithm, not mentioned up to now, consists
in an external normalisation of the identification signals. This is motivated by the
fact, that numerical problems can be avoided if the filtered input and filtered output
signal are of the same level and of signal values of approximately 1. This is illus-
trated in figure 8.9.
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Figure 8.9: External normalisation of input and output signals

The multiplication of the output signal y(t) by 200 provides filtered input and output
signals of the same magnitude, since the denominator polynomial Ae has to be
monic, i.e. the first element is one, this multiplication is compensated by dividing the
numerator polynomial Be by 200. The multiplication of input and output signal by 100
provides filtered input and output signals levels of approximately 1; since input and
output signals are multiplied no compensation is needed. This external normalisation
improves the estimation result considerably.

8.2.4 Supervision
Practical experience with adaptive controllers as well as stability and convergence
analysis shows, that adaptive control performs well, if all prerequisites are fulfilled.
However, this cannot be guaranteed in real-life applications. Therefore a supervisor
is strongly recommended. Notice that in the presented simulations of the adaptive
controller two identification parameters, namely the information threshold and the
normalisation threshold, had to be adapted, which should be carried out by a super-
visor. The block diagram of the resulting adaptive controller is shown in figure 8.10.
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Figure 8.10: Block diagram of a self-tuning regulator with supervisory loop

The supervisor allows to monitor the estimation procedure, the controller design, and
the closed-loop system behaviour.

The estimation procedure can suffer from low excited identification signals, from an
incorrect model structure like model order and time delay, from an incorrect sampling
period, and from inappropriate estimation parameters like adaptation gain, informa-
tion measure threshold, normalisation threshold or the forgetting factor sequence.
The supervisor can check pole-zero cancellations in order to determine the model
order, it can reset the estimation parameters or the adaptation gain matrix, it can
freeze the estimation, it can determine a suitable forgetting factor sequence or it can
introduce perturbation signals to ensure that the control signal is sufficiently rich in
frequencies [Iser87]. By storing process inputs and outputs, it is also possible to
estimate models with different sampling periods, different orders, and different
structures [Åst84].

The supervisor can also monitor the controller design, in order to avoid inappropriate
design parameters or sampling periods. Therefore model poles and zeros can be
calculated before controller design, and an estimated plant model admissibility test
can be carried out. This admissibility test depends on the considered control design,
for the GPC approach the characteristic polynomial of the closed loop has to be
Hurwitz. It is nonetheless worth mentioning that the estimated plant model admissi-
bility is generally satisfied in practice [M’Saad94c].

The closed-loop system behaviour, like actuator saturation, oscillating behaviour,
large overshoots or increasing signal values, can be monitored in order to detect
imminent instability. If this occurs in spite of the supervision of estimation procedure
and controller design, then the adaptive controller can be replaced by a robust back-
up regulator [Iser87].

Notice that up to now no supervisory loop has been implemented, this leads to the
assumption, that there is considerable potential for increasing the performance of
the presented adaptive controller.
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9 Conclusions and Suggestions
The motivation of this work was to investigate the applicability of a robust predictive
control approach with and without a suitable parameter adaptation for the design of
an automatic steering system.

In a first step the vehicle dynamics have been identified over an important operating
domain, unlike in all previous studies, where the usual single-track model was used.
This was of fundamental importance in order to get a good insight into the possible
model uncertainty. It also showed, that the usual single track model of 2nd order
could not describe the vehicle dynamics of the simulated BMW520i for velocities
above 20 m/s.

The robust control design allowed to overcome the restrictions of automatic steering
control for passenger cars to speed below highway speed, i.e. velocities below 20
m/s, which was reported in all previous approaches. Even without gain scheduling
techniques and with feedback only on the lateral displacement unlike in the available
studies where an additional feedback on the yaw rate is commonly used, the robust
controller meets the design specifications up to a velocity of 30 m/s. The standard
safety and passenger comfort specifications have been achieved, three fundamental
design features of the proposed control approach are worth to be pointed out,
namely offset-free performance, stability robustness and implementation simplicity
[Mül96].

Notice that a great attention should be paid to the identification of the control design
model as well as the choice of the design parameters. To this end, a comprehensive
iterative procedure has been developed using the CACSD package SIMART.

The performance of the robust controller has been improved by a feed-forward con-
troller, which generates the steady-state steering command when the vehicle is in a
curved section. Even with a constant proportional controller for all conditions, con-
siderable reductions of the maximum overshoot to values between 50 % and 18 %
have been achieved.

Two adaptive approaches have been presented, an open-loop adaptation, more par-
ticularly a multi-model approach, and an indirect adaptation with the structure of a
self-tuning regulator.

The multi-model approach is of practical importance and improves the robustness by
dividing the operating domain into a number of operating intervals for each of them a
corresponding controller will be used. This allows to extend the operating domain to
velocities up to 37 m/s and to improve control performance for low speed.

The automatic steering problem represents a challenging application for the self-
tuning regulator, since the system is only excited by an external output disturbance,
which can be neither influenced, nor is it known in advance. It has been shown that,
by selecting appropriate estimation parameters, for all driving manoeuvres the con-
trol performance can be improved with respect to the robust controller. The prereq-
uisites are that the changes of the operating conditions are slower than the adapta-
tion of the controller, which is generally satisfied in practice, and that the identifica-
tion and design parameters are selected appropriately, therefore a supervision
system is recommended and further research is required.
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Suggestions for further work

The dynamics of the steering actuator have a considerable influence on the per-
formance of an automatic steering system. Therefore they should already be consid-
ered in the development phase.

As far as the line following properties are concerned the proposed predictive control-
ler showed to be robust to measurement noise, however, the ride comfort degrades,
as explained in chapter 6. In order to improve the robustness of the control system to
measurement noise in the output, gain scheduling techniques could be applied.
Since in robust control design always a compromise between sensitivity to meas-
urement noise and sensitivity to output disturbances has to be achieved, by the use
of gain scheduling techniques one can attach more importance to measurement
noise without loosing sensitivity to output disturbances.

In order to simplify the control design of the presented predictive controller a general
methodology for the selection of the design parameters needs to be developed.
Especially the use of the frequency weighting filters in the input and output signals
remains an iterative and time-consuming procedure.

The proposed feed-forward controller is of a constant gain, assuming, that the
steering angle depends only on the curve radius. The performance of the feed-
forward controller can be improved, if the influence of the velocity and of the road-
tyre contact characteristics are considered. This could be done by measuring the
velocity, the lateral acceleration and the yaw rate and by estimating the cornering
stiffness [Peng90].

The implemented indirect adaptive controller should be enhanced by a supervisory
loop in order to monitor the estimation procedure, the controller design, and the
closed-loop system behaviour.
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11 : Comparison between j-step ahead predictor and
Smith predictor
In this section a comparison is made between a predictor which is based on the
iteration of a Diophantine equation, and the Smith predictor.
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Figure A.1: Block diagram for feedback of y(t)

If a closed-loop system is considered like in figure A.1, the transfer function between
reference sequence r(t) and output y(t) is given by
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where R denotes the transfer function of the controller.

Due to the time delay of the process this systems becomes easily unstable why the
following closed-loop structure is preferred:
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Figure A.2: Block diagram for feedback of y(t+d+1)

Now the input-output transfer function is given by
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A comparison between equations (A.1) and (A.2) leads to
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which is shown in figure A.3:
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which is shown in figure A.3:
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Figure A.3: Block diagram for feedback of $y (t+d+1) using Smith predictor

This block diagram shows that the predicted output of the process $y (t+d+1) is calcu-
lated using a model of the process, which is indicated by the symbol ^ . Now the
formula for the Smith predictor is given:
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Notice that if the process is correctly estimated and there are no disturbances, then
the correction signal c(t) is zero. Thus, in this case y(t) is equal to $( )y t .

In order to compare the Smith predictor with the MV j-step-ahead predictor derived in
chapter 6.1.2, equation (6.1.11) is considered:

C(q-1) y(t+j) = Ej(q
-1) B(q-1) D(q-1) u(t+j-1-d) + Fj(q

-1) y(t) + Ej(q
-1) C(q-1) γ(t+j)

With γ(t+j) = 0 (MV predictor), with C(q-1) = T(q-1), and with j = d + 1 this leads to
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Equation (6.1.8)

C(q-1) = A(q-1) D(q-1) Ej(q
-1) + q-j Fj(q

-1)

can be multiplied by $B , this leads, with j = d + 1 and C(q-1) = T(q-1), to
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Using equation (A.5) equation (A.4) can be written as
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which is visualised in figure A.4.
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Figure A.4: Block diagram for feedback of $y (t+d+1) using MV d+1-step-ahead
predictor

This shows that the correction term c(t) is filtered with 
F
T

d1+ , and that the MV d+1-

step-ahead predictor takes, unlike the Smith predictor, disturbances into account. It
corresponds to the Smith predictor for

F1+d(q
-1) = T(q-1)

Now equation (A.5) becomes

( )E
T

AD
q

T

AD

T

AD
qd

d d
+

− − − −= − = −1
1 11

$ $ $ $ $ $

For T = $A  this equation can be written as

$DE qd
d

+
− −= −1

11

If $D  is assumed to be a simple differencing operator ∆ = 1 - q-1 the polynomial Ed+1 is
given by

Ed+1(q
-1) = 1 + q-1 + ... + q-d

This shows that both predictors are identical if T = $A  and $D  = ∆, hence, if the output
of the process is disturbed by step disturbances or Brownian motion.
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Appendix B  : Relationship of GPC with other
Approaches
If the control parameters sh, ph, ch and λ are chosen appropriately, the GPC can be
interpreted as infinite-stage LQ controller, as dead-beat, or as pole-assignment
controller [Cla89, M’Saad96, Soet90]. The special settings are given in the following
chapter.

  Minimum Variance Control
The Minimum Variance (MV) controller was already explained in chapter 6.1 since it
represents an ancestor of GPC. It can be obtained by setting

ph = ch = d, and

λ = 0.

This minimises the variance of the tracking error for a given linear input-output
model:

( ){ }J E y t d r t dMV = + − +( ) ( ) 2

y(t), r(t) and d denote, as usual, the system output, the reference sequence, and the
assumed value of the plant’s dead-time, respectively. In this approach a d-step-
ahead predictor is used. Notice, that this control strategy works only for minimum
phase systems.

The Generalized Minimum-Variance (GMV) controller can be obtained by setting

ph = ch = d, and

λ ≠ 0,

then the cost function

( ) [ ]{ }J E y t d r t d D q u tGMV = + − + + −( ) ( ) ( ) ( )2 1 2
λ

is minimised. Notice, that GMV showed to be very robust, but sensitive to varying
dead-time unless λ is large, which results in poor control performance.

  Dead-beat control
A stable dead-beat controller can be obtained by selecting the control parameters as

sh = nB + d + 1,

ph ≥ nA + nB + d + 1,

ch = nA + 1, and

λ = 0



Appendix B: Relationship between GPC and other approaches                                                          91

nA denotes the order of the plant denominator and nB the order of the plant nomina-
tor.

Dead-beat controller are characterised by a limited settling time for system output
y(t) and control signal u(t). After this settling time the responses of y(t) and u(t) on
e.g. a step input have to be constant.

Dead-beat control places all the poles of the closed loop at the origin while retaining
the open-loop zeros. This is obtained by cancelling the original poles of the process.
If the control model does not perfectly correspond to the plant, which is generally the
case, the pole-cancellation is only approximately performed which entails problems if
the plant poles are outside the unit circle. Therefor dead-bead control is only rec-
ommended for stable processes without integrating behaviour, that means, when the
poles are sufficiently inside the unit circle.

Dead-beat controller usually demand relatively high control signals, nevertheless,
they are very simple to derive and to implement in a computer which is particularly
appreciated in adaptive control, when control synthesis is performed on-line.
[Iser87].

  Pole-Assignment Control
Since dead-beat control often requires excessive control signals a strategy placing
poles in better locations in generally preferred. An algorithm to move the closed-loop
poles to better locations can be easily incorporated into the GPC method. This can
be done by pre-filtering the measured output y(t) and the control input u(t) by a poly-
nomial P(q-1) with unit gain and which roots are at the desired closed-loop poles
[Soet90]. The control parameters are selected like

sh = nB + d + 1,

ph ≥ nA + nB + d + 1,

ch = nA + 1, and

λ = 0

With the auxiliary signals

ψ(t) = P(q-1) y(t) and

ν(t) = P(q-1) u(t)

the plant model becomes

A(q-1) D(q-1) ψ(t) = B(q-1) D(q-1) ν(t-1)

and the standard pole-placement closed-loop response is

y t
B q

B P q
w t( )

( )
( ) ( )

( )=
−

−

1

11

Thus, the predictive controller can be regarded as a pole-placement controller which
places the closed-loop poles by the minimisation of a criterion function.
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In spite of the fact, that for special settings GPC can be interpreted as pole-place-
ment controller one should consider that pole-placement strategies are very sensi-
tive to model-order changes. GPC in contrast seems to be unaffected if the plant
model is overparameterized.

  Infinite Horizon LQ Control
GPC can be interpreted as an infinite horizon LQ controller for the following settings:

ph → ∞,

ch → ∞, with ph = ch,

sh = 1,

λ > 0.

Note that this is just a theoretical interpretation, for large values of ch the usual GPC
computation becomes impractical and instead methods based on the recursive solu-
tion of the equivalent Riccati equation are preferred [M’Saad96].


