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ABSTRACT−Mechatronic subsystems are more and more developed in automotive industries. To enhance the local
controls performances, a cooperative control between ABS and Suspension systems is proposed. The respective controls
are first designed separately with their dedicated models. Then a hybrid hierarchical architecture is developed. The
advantage of this architecture is discussed through vehicle performance with simulation results.
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NOMENCLATURE

Front : i=1; Rear: i=2
fLi, fNi : longitudinal and normal tire forces 
Γbi : braking torque
ax,vx : vehicle longitudinal acceleration and speed
ω1i : wheel angular velocities
z0i, v0i : vertical road displacement and speed
z1i : vertical displacement of unsprung masses
z3i, zG : vertical displacements on sprung mass
θG : pitch angle
ui : control forces from suspension
f0i : sprung mass vertical disturbance forces
λi : tire slip-ratio
µi : tire-road coefficient of friction
M : vehicle total mass
m2, m1i : sprung mass and unsprung masses
Iy : vehicle pitch rotational inertia
Ii : wheel rotational inertia
Ri : wheel radii
a, b : center of gravity - front/rear axles longitudinal

distances 
h : height of the center of gravity
k1i, k2i : tire and suspension stiffnesses
b2i : suspension damping
Svi : suspension piston section
qsuspi : suspension flows
αi : criteria weights

Ji : criteria for suspension feedback control
mopt

i : optimal fractional derivative order for CRONE
suspension controller

Dpedal : brake pedal displacement
B : brake fluid constant
c1 : master cylinder viscous coefficient
c2i : secondary cylinder viscous coefficient
Fdiski : force on the brake disk
Fmc : force generated by the master cylinder
Hbrake0 : servo-valve with current amplifier equivalent

gain
Ihi : fluid line inertia
k2i, k2i

0 : non-linear and linearized springs
Kassist : pedal displacement to master cylinder force

equivalent gain
Kei : hydraulic brake circuit steady state gain
mp1 : master cylinder piston mass
mp2i : secondary cylinder piston mass
P1 : master cylinder fluid pressure
P1i : distributed pressure from master cylinder
P2i : secondary cylinder pressure
PABSi : pressure drop caused by ABS
Qi : hydraulic line flow
Re : equivalent radius of the brake disk
rhi : fluid line resistance
Ri : radius of the wheel
S1 : master cylinder section
S2i : secondary cylinder section
V1 : master cylinder fluid volume
V2i : secondary cylinder fluid volume*Corresponding author. e-mail: cedric.nouillant@mpsa.com
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x1 : master cylinder piston displacement
x2i : secondary cylinder piston displacement
xi

0 : residual piston displacement
µe : caliper-disk coefficient of friction
ωr : wheel rotational speed reference
γj : interpolation polynomial coefficients 
nABS, nsusp : fractional derivative order for ABS and

suspension open-loops

1. INTRODUCTION

In the last decades, mechatronic subsystems have been
extensively developed in automotive applications as they
increase system performance compared to passive
components (Dreyer et al., 1992). However, they often
fulfil a single dedicated function, such as controllable
dampers of vehicle suspension. According to the future
prospects (Hamrs, 2001), a cooperative control between
ABS and suspensions systems will enhance vehicle
global performances.

First, vehicle dynamics and brake system models are
introduced. The suspension is composed of a continuous-
ly controllable damper (Abadie, 1998) and a low
frequency active device (Moreau et al., 2001). The brake
system has proportional servo-valves for advanced
control (Assadian, 2001).

For the suspension system, two optimal strategies (one
for road holding and one for passengers comfort) are
designed with CRONE methodology (Oustaloup and
Matthieu, 1999).

ABS also benefits from CRONE control by consider-
ing the road coefficient of friction as an uncertain
parameter (Jacquet, 1996) leading to a robust perfor-
mance for wheel slip regulation. A feedforward
controller is also developed for enhancing performance.
Thus, ABS switches logic is implemented with a finite
state machine.

Because of the coupling effects between these two
systems, the suspension strategy is of importance as a
comfort oriented design can be a disadvantage when
braking on a rough road, especially when the wheel
vertical movement is severe. This problem can lead to
ABS control degradation (Forkenbrock et al., 1998).

To overcome this difficulty, a new cooperative control
architecture between ABS and suspension system is
proposed, aiming to enhance global vehicle performance
(Abadie, 1999). To this end, a hybrid control architecture
is developed (Riedinger, 1999), and its advantage is then
proved in a critical case where the vehicle is braked on a
wet and uneven road.

2. VEHICLE AND BRAKE SYSTEM MODELS

2.1. Vehicle Dynamics

The motion of the two-wheel car model, as shown in
Figure 1, is described by seven differential equations
(Moreau et al., 2001).

2.1.1. Linear model of the vertical dynamics
The linear model of the vertical dynamics is described by
four differential equations:
− unsprung masses motions

(1)

where fNi are the normal forces defined by

(2)

− heave motion

(3)

− pitch motion

 (4)

where ui(t) are the forces developed by dampers and load
leveling devices.

The vertical front and rear forces f0i(t) as shown in
Figure 1, include the load shift due to the longitudinal
acceleration on the normal force variation, namely:

 and (5)

2.1.2. Nonlinear model of the longitudinal dynamics
The nonlinear model of the longitudinal dynamics is
described by three differential equations:
− longitudinal motion

(6)

− wheels angular motions

m1iz··1i=fNi−k2i z1i z3i–( )−ui−m1ig 

fNi=k2i z0i z1i–( ) 

m2z··G=  
i 1=

2

∑ k2i z1i z3i–( ) ui f0i–+( )−m2g

Iyθ
··

G=a k21 z11 z31–( ) ui f01–+( )

b– k22 z12 z32–( ) u2 f02–+( )

f01 t( )= h
a b+
------------– Max t( ) f02 t( )=+ h

a b+
------------Max t( )

Mv·x=fL1+fL2

Figure 1. Two-wheel car model.
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(7)

The manner a tire generates forces is complicated.
Pacejka’s model (Pacejka and Sharp, 1991) gives a
steady-state approach of the phenomena; the longitudinal
force is function of the tire normal force, the tire-road
coefficient of friction, and the slip-ratio. For a braked
wheel, this last variable is defined as:

(8)

This ratio can vary from 0% (perfect match between
wheel and vehicle speeds) to 100% (the wheel is locked).
The longitudinal forces can be approximated by:

(9)

2.1.3. Active suspension
A hydropneumatic suspension with the addition of load
leveling active device and controllable dampers (cf. Fig.
2) forms the basis of the Williams Formula One Racing
system (Wright and Williams, 1989) and is part of this
study.

Whereas the controllable damper (Abadie, 1998) is a
dissipative component, it can control wheel vertical
displacements because of its large bandwidth. The active
device is a proportional servo-valve with a limited
bandwidth about 10 Hz enabling to control body
movements without excessive energy consumption.

2.2. Braking System Model
The proposed ABS system (Assadian, 2001), in Fig. 3 is
composed of high bandwidth proportional servo-valves
that enable modulation of brake pressures such as EHB
technology (Hamrs, 2001).

The relation between the brake pedal displacement and
the force acting on the master cylinder can be modeled by
a simple constant gain:

(10)

The master cylinder piston movement is:

(11)

This leads to the pressure change in the master cylinder
chamber:

(12)

Then, for the sake of simplicity, the pressure is assumed
to be distributed to the front and rear hydraulic lines
according to:

 and (13)

For a single line, the flow rate is:

(14)

The pressure change in the second piston is given by:

(15)

This leads to the piston movement:

(16)

It must be stressed that the pressure level P2i can be
modulated with the pressure-controlled ABS servo-
valves.

This piston movement generates a non-linear force on
the disk:

(17)

where the non-linear spring characteristics are:

(18)

Finally, the braking torque on a wheel can be
approximated by:

(19)

3. SEPARATE CONTROLS DESIGN

3.1. Suspension Control
It has been shown that the active flow suspension control

I iω· 1i=Γbi Ri fLi–

λ i=1
Riω1i

vx

------------–

fLi t( )=µ i λ i( )fNi t( )

Fmc=Kassist Dpedal⋅

mp1 x··1=Fmc−P1 S1−c1 x·1⋅⋅ ⋅

P
·

1=
B
V1

----- x·1 S1⋅  
i

∑ Qi– 
 

P11=
2
3
--- P1⋅ P12=

1
3
--- P1⋅

I hi Q
·

i⋅ =P1i−P2i−rhi Qi⋅

P
·

2i=
B
V2i

------ Qi x·2i– S2i⋅( )⋅

mp2i x··2i⋅ =P2i S2i⋅ −Fdiski x2i( )−c2i x·2i⋅

Fdisk x2( )=f kbrake2i x2( ),x2( )

f 0≡    if   x2i xi
0<

f x2( )=kbrake2i x2i( ) x2i xi
0–( )   if   x2i xi

0≥⋅



Γbi=2 Re µe Fdiski⋅ ⋅ ⋅

Figure 2. Schematic diagram of an active suspension.

Figure 3. Hydraulic line brake model.
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can be designed with feedforward (FF) and feedback
(FB) controllers (Moreau et al., 2001) as shown in Figure 4.

With a load leveling active device and a CRONE
controlled damper, the expression of the force ui(t) is the
sum of two actions (Moreau et al., 2001). The first one is
a feedback action due to the gas spring and the CRONE
damper which is, with the help of Laplace transform. 

(20)

where the equivalent controller is designed with CRONE
methodology:

(21)

The second action is a feedforward force developed by
the self-leveler system and given by:

(22)

according to Figure 5 block diagram.

3.1.1. Feedback control
The CRONE feedback (FB) control (Oustaloup and
Matthieu, 1999) uses a fractional derivative order nsusp of
the flow as described in equation (21). This design
drastically reduce the system sensitiveness to vehicle
mass variations (Moreau, 1995). The fractional derivative
order nsusp is the single parameter to optimize (Moreau,
1995), through which the compactness of the CRONE
control is illustrated. Thus a linear quadratic criteria is
introduced:

(23)

where

(24)

With Parseval’s equality, (21) becomes (Moreau, 1995):

(25)

The associated transfer functions.

(26)

give the images of suspension deflection for suspension
function, tire deflection for road holding, and body
vertical acceleration for passengers comfort.

The optimal control problem can thus be formulated as
finding:

(27)

Two strategies are then derived (cf. Fig. 6). The first one
is a comfort oriented strategy:

(28)

 comfort (29)

and the second one is a road holding oriented strategy:

(30)

Ui
FB s( )=Csi s( ) Z31i s( )⋅

Cs s( )=C0

1
s

ωb

-----+

1
s

ωh

-----+
---------------

 
 
 
 
 

nsusp 2–

Ui
FB s( )

Qsi s( )
----------------=

Csi s( )
Svis

--------------

J=
1
T
---

T ∞→
lim E  

0

T

∫
α1r1 t( )2 α2r2 t( )2+ +

α3r3 t( )2+ 
 
 

dt⋅
 
 
 

=  
i 1=

3

∑ α1 Ji⋅

r 1i t( )=z3i z1i– t( )
r 2i t( )=z1i t( ) z0i– t( )

r 3 t( )=z··3i z1i t( )





Ji=
1
T
---

T ∞→
lim E  

0

T

∫ r 1 t( )2dt( )=hvx  
∞–

+∞

∫ Hi jω( ) 2dω

Hi s( ){ }=
Z31 s( )
V0 s( )
--------------;

Z10 s( )
V0 s( )
--------------;

A2 s( )
V0 s( )
-------------

 
 
 

mopt=nsusp
opt −2=  min

m
Jarg

α1=1; α2=1; α3=20( )

m1
opt=0 564;  m2

opt=0 586, ,

α1=1; α2=20; α3=1( )

Figure 6. Optimal suspension normalized criteria for
___comfort oriented strategy and ------ road holding
oriented strategy.

Figure 5. Suspension force block diagram.

Figure 4. Suspension control scheme.
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  road holding (31)

3.1.2. Feedforward control
For maximum comfort, the pitch has to be minimized.
This can be achieved by rejecting the load shifts with the
active device such that:

. (32)

Assuming an acceleration sensor is available, the load
shifts f0i can be derived by inverting equation (5). Then
with equation (22), the suspension flows for active
disturbance rejection can be calculated.

3.2. ABS Control
Purpose of ABS. To understand the basis of tire physics,
the braking force dependency to the slip-ratio is
illustrated in Fig. 7, for a standard load and a coefficient
of friction of 1.When the wheel is locked, the braking
force is always less than the maximal force where the
maximal force is obtained for a single slip-ratio value
said to be the optimal value. Thus, ABS control consists
of regulating the slip-ratio near the optimal value to
maximize the braking force by modulating the brake
pressures.

3.2.1. ABS simplified model
To design a controller, a simplified model has to be
derived according to (Jacquet, 1996; Assadian, 2001). A
model composed of a quarter car, in Figure 8, will be
used for controller design.

The wheel dynamic is given in equation (7); and the
longitudinal dynamic is obtained from equation (6) as
follows:

(33)

In a linear steady-state behavior, with equations (15-19),

the relation between the torque and the pressure becomes:

(34)

with the static gain due to previous simplifications:

(35)

To simplify again, the brake pressure is the sum of two
sources, namely:

(36)

The pressure-controlled servo-valves are assumed to have
a bandwidth about 100 Hz large enough to be modeled as
a constant gain factor, namely:

(37)

The ABS uses the wheel speeds provided by sensors at
each wheel, as illustrated in the control block diagram of
Figure 9. The control problem can be described as a
wheel speed regulation given a slip-ratio reference.

3.2.2. Feedforward control
As previously stated, the ABS purpose is to regulate the
slip-ratio (Ref block in Figure 9). This can be achieved by
inverting (8):

(38)

assuming vehicle speed is measured or estimated.
In many approaches, the optimal slip-ratio is kept

constant about 10%. However, Pacejka’s model shows

m1
opt=0 982;  m2

opt=0 938, ,

ui
FF t( )=−f0i t( )

m v·x=fLi µ,λi ,Fzi( )⋅

Γbi=Kei P2i⋅

Kei=
2 Re µe k2i

0 S2i⋅ ⋅ ⋅ ⋅

k2i
0 B S2i⋅

V2i

--------------+
-------------------------------------------

P2i=P1i−PABSi

PABSi=Hbrake0 ΓABSi⋅

ωref=
v̂x

R
---- 1 λref–( )

Figure 9. ABS control scheme.

Figure 8. ABS simplified model.

Figure 7. Braking force vs. slip-ratio on a dry road.
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that the slip-ratio reference is also highly dependent on
the road coefficient of friction. The key idea of the
feedforward (FF) control is that when the ABS has
switched on, the vehicle deceleration is near (but non-
equal to) optimal deceleration. Then, assuming an
acceleration sensor is available, the ABS can have an
image of the road coefficient of friction and then adapt
the slip-ratio reference to achieve optimal deceleration
(Assadian, 2001).

Hence, using equations (6) and (9) with the same
friction coefficient for rear and front axles, one can write
for near maximal deceleration:

(39)

Thus with experimental data, a parabolic interpolation
between the values of optimal slip-ratios and vehicle
acceleration is constructed:

(40)

where parameters γj only depend on tire characteristics.

3.2.3. Feedback control
The major difficulty for designing the feedback (FB)
controller is the non-linearity associated with the tire
response (W block in Figire 9). Equation (7) can be
written as:

(41)

with the introduction of a new variable:

(42)

This variable represents the tire non-linear response
dependent on the tire-road coefficient of friction, which is
an uncertain parameter. However, as we deal with a
physical dissipative system, δi can be bounded. With the
help of simulations, it can be inferred that:

(43)

Introducing the equivalent inertia Ieqi (Jacquet, 1996) :

(44)

the Laplace transformation of equation (41) provides:

(45)

The non-linear non-stationary plant has then been
transformed into a linear stationary plant of equation (43)
with an uncertain bounded parameter. Then, the ABS
control has to be robust to the variations of the equivalent
inertia to guarantee stability of the actual plant (Tsypkin
et al., 1994).

According to Figure 9 and equation (43), the plant is
defined as:

(46)

A second-generation CRONE controller can be designed
to enforce the following form for the open-loop transfer
function (Jacquet, 1996):

(47)

This form includes a fractional derivative behavior of
order nABS around the crossover frequency enabling a
phase margin constancy therefore a robust performance
(Oustaloup and Matthieu, 1999). 

3.2.4. ABS logic
It must also be paid attention to ABS activations. ABS
must be activated before a wheel locks and must be
desactivated when the driver releases the brake pedal. To
this end, events are defined. When the slip-ratio exceeds
the optimal slip-ratio λopt over a constant given value ∆λ,
the wheel is going to lock and the ABS is activated. A
second event is defined for desactivating the ABS: the

ax=µ g⋅

λopt=γ2ax
2+γ1ax+γ0,

ω· 1i t( )
Γbi t( )
--------------=

1 δ i t( )–
I i

-------------------

δ i t( )=Ri fLi t( )⋅
Γbi t( )

---------------------

0 δ i 0.97≤ ≤

I eqi=
I i

1 δ i–
-------------

ω1i s( )
Γbi s( )
--------------=

1
I eqi s⋅
-------------

G s( )=Hbrake0 Ke⋅
I eq s⋅

-------------------------

β jω( )=C0

1
jω
ωb

------+

jω
ωb

------
---------------

 
 
 
 
 

2

1
jω
ωh

------+

1+
jω
ωb

------
---------------

 
 
 
 
 

nABS

1

1
jω
ωh

------+
---------------⋅ ⋅⋅

Figure 10. ABS finite state machine logic.

Figure 11. Hybrid architecture for a cooperative control
between ABS and suspension systems.
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driver brake torque demand is compared to the torque
caused by the ABS system. The associated finite state
machine is given in Figure 10.

4. COOPERATIVE CONTROL DESIGN

4.1. Cooperative Strategy
ABS aims to minimize the stopping distance when
switched on. Thus, the suspension control can also be
switched in a road holding oriented strategy to maximize
the tire normal forces helping to generate maximum
braking forces according to (9). This idea leads to the
hierarchical hybrid control (Riedinger, 1999) between the
two subsystems in Figure 11. This architecture must be
considered as a proposition for a global vehicle control
(Abadie, 1999), based on a FSM supervisor (Koutsoukos
and Antsaklis, 1999).

The suspension strategy must be changed according to
the road state of surface. In case of a smooth road, the
road holding strategy is then preferred. However, when
the ABS is activated, the situation is said to be critical.
Comfort is no longer a priority, the suspension must be
switched on the road holding strategy. These
considerations lead to the design of the FSM supervisor
described in Figure 12.

4.2. Performance
To understand the performance of such a hybrid control,
three series of tests are simulated. The first set deals with
braking on a flat road with and without ABS. The second

one compares suspension strategies when braking with
ABS on an uneven road. The last one sums up the hybrid
control comparing the braking distances.

4.2.1. ABS tests on an even road
The car (a Citroën Xantia) is driven on a dry and flat
road. The driver hits the pedal (full braking) after one
second. This causes the wheels to lock without ABS
intervention (cf. Figure 13). Nevertheless, when ABS is
activated, the slip-ratios are controlled avoiding wheel
locking, which enables to rise vehicle deceleration (cf.
Figure 14) and then to reduce the stopping distances by
10% in this case.

Figure 13. Wheel rotational speeds, slip ratios and
vehicle deceleration when braking without ABS on an
even road.

Figure 14. Wheel rotational speeds, slip ratios and
vehicle deceleration when braking with ABS on an even
road.

Figure 12. FSM supervisor for a cooperative control
between ABS and suspension systems.
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4.2.2. Suspension strategy comparison
The same situation is simulated with a dry and uneven
road (the ABS is activated). As the comfort oriented
suspension strategy favors vehicle body movement
filtering, the tire normal forces are degraded compared to
the road holding strategy (cf. Figure 15 and Figure 16).
As a consequence, the road holding strategy enable to
reduce the vehicle deceleration variations due to the
unevenness of the road helping to reduce the stopping
distance by 2, 5% in this particular case.

4.2.3. Overall performance for the cooperative strategy
The performances of the several controls are then
compared with simulation results at full braking on a icy
and uneven road in Figure 17. These results show that a
cooperative control (road holding suspension strategy
with ABS) can drastically reduce the stopping distance.

5. CONCLUSIONS

The separate and cooperative controls for ABS and
suspension have shown the benefits of a three steps
design: feedforward, feedback controllers and FSM logic.
This leads to a hybrid hierarchical architecture that
enhances vehicle global performance. This architecture
appears to be generic and will be extended in the future
work.
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